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95Optical sampling, fiber laser, sampling architectures, mode locked laser,
jitter, optical sigma-delta, undersampling, optical DFT

Optical sampling of wideband microwave signals has recently gained a lot of attention due to the
availability of high repetition rate mode-locked lasers. This report examines the state-of-the-art in
mode-locked lasers and their performance requirements when used for wideband signal sampling.
The required sample time uncertainty (jitter) and optical pulsewidth are shown as a function of the
Nyquist sampling rate. Nonuniform sampling theory is also presented as a means to quantify the
sampling jitter from spectrum analyzer measurements. Various laser configurations and mode
locking techniques are discussed with emphasis on the measurement of the laser performance. A
summary of the measured pulsewidth and minimum jitter times for a number of lasers reported in
the literature is presented. The design for a (NRL) sigma laser currently being constructed at NPS is
also discussed. To relax the requirements on a laser's required sample time uncertainty, 1st and 2nd
order optical sigma-delta architectures are investigated.  Also introduced is an undersampling,
optical DFT receiver concept that could allow frequency measurements beyond Nyquist.
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�� 6HFRQG�RUGHU LQWHJUDWHG RSWLFDO hc0� �D� %ORFN GLDJUDP� �E� VLPXODWLRQ UHVXOWV ZLWK

LGHDO +�� DQG +�� DQG �F� LQWHUPHGLDWH VLJQDOV DW LQSXWV WR 0DJQLWXGH 0=,V� � � � � ��

�� *HQHUDO nEHU ODWWLFH VWUXFWXUH� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� +���]� nEHU ODWWLFH VWUXFWXUH� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� *HQHUDWLRQ RI +���]� nEHU ODWWLFH VWUXFWXUH� � � � � � � � � � � � � � � � � � � � � � � � ��

�� +���=� nEHU ODWWLFH VWUXFWXUH� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� *HQHUDWLRQ RI +���]� nEHU ODWWLFH VWUXFWXUH� � � � � � � � � � � � � � � � � � � � � � � � ��

�� +���]� 6LPXOLQN PRGHO� �)URP >��@�� � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� 7XQLQJ IRU PRQRWRQLFDOO\ LQFUHDVLQJ UHVSRQVH� �)URP >��@�� � � � � � � � � � � � � � � ��

�� �D� 2SWLFDO JDLQ YV� D�� �E� +���]� DFFXPXODWLRQ UDWH YV� D�� �F� +���]� DFFXPXODWLRQ

UDWH YV� D�� �)URP >��@�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� 0RGLnHG 6LPXOLQN PRGHO RI +���]� nEHU ODWWLFH VWUXFWXUH� �)URP >��@�� � � � � � � � � ��

�� (mHFW RI LQ�OLQH JDLQ RQ DFFXPXODWLRQ UDWH� �)URP >��@�� � � � � � � � � � � � � � � � � ��

�� (mHFW RI UHGXFLQJ $FFXPXODWH 'RZQ *� �)URP >��@�� � � � � � � � � � � � � � � � � � � ��

�� 2SWLFDO nUVW�RUGHU VLJPD�GHOWD �D� UDPS LQSXW� �E�+���]� nEHU ODWWLFH VWUXFWXUH RXW�

SXW� DQG �F� nUVW�RUGHU VLJPD�GHOWD PRGXODWRU RXWSXW� �)URP >��@�� � � � � � � � � � � ��

�� ,GHDO nUVW�RUGHU VLJPD�GHOWD �D� UDPS LQSXW� �E�+���]� WUDQVIHU IXQFWLRQ RXWSXW� DQG

�F� nUVW�RUGHU VLJPD�GHOWD PRGXODWRU RXWSXW� �)URP >��@�� � � � � � � � � � � � � � � � ��

�� (mHFW RI $FFXP 'RZQ * RQ nUVW�RUGHU VLJPD�GHOWD PRGXODWRU RXWSXW �D� $FFXP

'RZQ *  ����� �E� $FFXP 'RZQ *  ���� �F� $FFXP 'RZQ *  ����� DQG �G�

$FFXP 'RZQ *  ����� �)URP >��@�� � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� $FFXPXODWLRQ ZLWK $FFXP 8S HTXDO $FFXP 'RZQ �D� +���]� RXWSXW� �E� GLVFUHWH

RXWSXW� �)URP >��@�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� )LUVW�RUGHU VLJPD�GHOWD GLVFUHWH RXWSXW ZLWK ���� 9 LQSXW� �)URP >��@�� � � � � � � � � ��

�� 6HFRQG�RUGHU VLJPD�GHOWD DFFXPXODWLRQ �D�+���]� RXWSXW� �E�+���]� RXWSXW� DQG �F�

PRGXODWRU RXWSXW� �)URP >��@�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� %ORFN GLDJUDP RI UHFXUVLYH HUURU GLmXVLRQ PRGXODWRU� �)URP 5HI� >��@�� � � � � � � � � ��

�� )LUVW�RUGHU LQWHUIHURPHWULF HUURU GLmXVLRQ PRGXODWRU� �)URP 5HI� >��@�� � � � � � � � � ��

�� )LUVW�RUGHU QRQ�LQWHUIHURPHWULF HUURU GLmXVLRQ PRGXODWRU� �)URP 5HI� >��@�� � � � � � ��

�� �D� ]�SODQH PDSSLQJ RI DQ LQSXW DQDORJ VLJQDO� �E� VDPSOHG IUHTXHQF\ RXWSXW� � � � � ��

�� ')7 PDSSLQJ IRU LQSXW IUHTXHQFLHV I  � WR �� IRU �D� IV�  �� DQG �E� IV�  ��� � ��

�� %ORFN GLDJUDP RI D WZR�FKDQQHO RSWLFDO XQGHUVDPSOLQJ ')7�616 UHFHLYHU� � � � � � � ��

�� $ GLmUDFWLRQ JUDWLQJ GLUHFWV WZR ZDYHOHQJWKV w� DQG w� LQWR WZR GLUHFWLRQV t�� t�
�VSHFWUXP DQDO\]HU�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� 1RQ�XQLIRUPO\ VDPSOHG GDWD VHTXHQFH� � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� /LQH VSHFWUD DW LQWHJHU PXOWLSOHV RI WKH VDPSOLQJ IUHTXHQF\� � � � � � � � � � � � � � � ��

�� $V\QFKURQRXV VSHFWUDO DYHUDJLQJ� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

�� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU�WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ���� I� ��������� +] DQG }U  ������ �)URP >��@�� � � � � � ��

�� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU�WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ���� I� ��������� +] DQG }U  ������ �)URP >��@�� � � � � � ��

�� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ����� I� ��������� +] DQG }U  ������ �)URP >��@�� � � � � ��

�� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU�WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ����� I� ��������� +] DQG }U  ������ �)URP >��@�� � � � � ��

�� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ����� I� ��������� +] DQG }U  ����� �)URP >��@�� � � � � � ��
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�� 5HSUHVHQWDWLYH DXWRFRUUHODWLRQ FXUYHV� �D� ,GHDO VTXDUH FRKHUHQW SXOVH� �E� 3DUWLDOO\

FRKHUHQW SXOVH� �F� 5HSUHVHQWDWLYH FRKHUHQW SXOVH� VKRZLQJ ORFDWLRQ RI SXOVH ZLGWK

PHDVXUHPHQW� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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/LVW RI 7DEOHV

� 0HDVXUHG SXOVH ZLGWK RI PRGHORFNHG ODVHUV� � � � � � � � � � � � � � � � � � � � � � � � ��

� 0HDVXUHG MLWWHU SHUIRUPDQFH RI PRGHORFNHG ODVHUV� � � � � � � � � � � � � � � � � � � � ��

� hc 5HVROXWLRQ 6XPPDU\ IRU 265  �� � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 2SWLFDO *DLQ� 0RQRWRQLFDOO\ ,QFUHDVLQJ 5HVSRQVH� �)URP >��@�� � � � � � � � � � � � � ��

� +���]� $FFXPXODWLRQ 5DWH� 0RQRWRQLFDOO\ ,QFUHDVLQJ 5HVSRQVH� �)URP >��@�� � � � � ��

� +���]� $FFXPXODWLRQ 5DWH� 0RQRWRQLFDOO\ ,QFUHDVLQJ 5HVSRQVH� �)URP >��@�� � � � � ��

� +���]� 2SWLFDO DQG ,Q�/LQH *DLQ 1HFHVVDU\ IRU 6WHDG\ 6WDWH 5HVSRQVH� �)URP >��@�� ��

� +���]� 2SWLFDO *DLQ 1HFHVVDU\ IRU 6WHDG\ $FFXPXODWLRQ 'RZQ� �)URP >��@�� � � � � ��

� ,QSXW )UHTXHQF\ DQG 5HVXOWLQJ ')7 %LQV IRU 7ZR &KDQQHO ([DPSOH � � � � � � � � � ��

�� ,QWHJHU 9DOXHV IRU WKH P�  �� P�  �� DQG P�  � ([DPSOH � � � � � � � � � � � � � ��

�� 5DWLR RI DXWRFRUUHODWLRQ ZLGWK WR LQWHQVLW\ SXOVH ZLGWK IRU WKUHH VWDQGDUG PDWKHPDW�

LFDO UHSUHVHQWDWLRQV RI RSWLFDO SXOVHV� � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
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$FNQRZOHGJHPHQWV

7KH DXWKRUV ZLVK WR WKDQN WKH VSRQVRUV RI WKH &HQWHU IRU 5HFRQQDLVVDQFH 5HVHDUFK DW WKH 1DYDO
3RVWJUDGXDWH 6FKRRO IRU WKHLU HQFRXUDJLQJ VXSSRUW LQ WKLV UHVHDUFK� :H DFNQRZOHGJH WKH PDQ\
DQDO\WLF DQG H[SHULPHQWDO FRQWULEXWLRQV RI RXU JUDGXDWH RpFHU�VWXGHQWV� 0U� $GDP $WKHUWRQ�
(GZDUGV $)%� /7 %LOO 5LQJHU� 861� /7 -LP %XWOHU� 861� DQG &$37 5LFK /HLQR� 860&� $OVR� ZH
ZDQW WR WKDQN 'U� ,UO 'XOLQJ ,,,� 'U� 0LNH 'HQQLV� DQG 'U� 7RP &DUUXWKHUV DW WKH 2SWLFDO 6FLHQFHV
'LYLVLRQ �&RGH ����� RI WKH 1DYDO 5HVHDUFK /DERUDWRU\ IRU RmHULQJ JXLGDQFH� OHQGLQJ SDUWV� DQG
SURYLGLQJ VSOLFLQJ WLPH WR XV LQ GHVLJQLQJ DQG FRQVWUXFWLQJ WKH 136 nEHU VLJPD ODVHU�
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2YHUYLHZ

7KLV UHSRUW FRYHUV DVSHFWV RI XVLQJ RSWLFDO VDPSOLQJ WHFKQLTXHV WR VDPSOH UI DQG PLFURZDYH VLJQDOV
IRU VXEVHTXHQW GLJLWL]DWLRQ DQG SURFHVVLQJ�

,Q 3DUW ,� ZH FRQVLGHU WKH UHTXLUHG WHPSRUDO MLWWHU DQG UHTXLUHG ODVHU SXOVHZLGWKV WR DFKLHYH
1\TXLVW VDPSOLQJ RI D �� *+] EDQGZLGWK VLJQDO DW �� ELWV RI UHVROXWLRQ� 7KH �����IV MLWWHU UHTXLUHPHQW
LV PRUH VHYHUH WKDQ WKH ����SV ODVHU SXOVHZLGWK UHTXLUHPHQW DQG SUHVHQWV D VLJQLnFDQW FKDOOHQJH WR nQG
D SXOVHG ODVHU ZLWK OHVV MLWWHU WKDQ WKLV� $IWHU SHUIRUPLQJ D OLWHUDWXUH LQYHVWLJDWLRQ� LW ZDV IRXQG WKDW
DFWLYHO\ PRGHORFNHG nEHU ODVHUV DFKLHYH RSHUDWLQJ SHUIRUPDQFH FORVH WR WKDW GHVLUHG� ,Q SDUWLFXODU�
WKH 1DYDO 5HVHDUFK /DERUDWRU\ KDV SURGXFHG D ?VLJPD� nEHU ODVHU IRU KLJK GDWD UDWH FRPPXQLFDWLRQV
WKDW KDV D SLFRVHFRQG SXOVHZLGWK DQG D WHPSRUDO MLWWHU RQ WKH RUGHU RI ��� IHPWRVHFRQGV� :H KDYH
EXLOW D VLJPD ODVHU DW WKH 1DYDO 3RVWJUDGXDWH 6FKRRO WR LQYHVWLJDWH LWV SHUIRUPDQFH DQG WR VHHN
ZD\V WR UHGXFH WKH MLWWHU WKURXJK FDYLW\ VWDELOL]DWLRQ DQG LPSURYHG PRGHORFNLQJ� 0HDVXUHPHQW
RI SLFRVHFRQG SXOVH ZLGWKV DQG IHPWRVHFRQG MLWWHUV LV D QRQWULYLDO WDVN� 7KH UHSRUW UHYLHZV RSWR�
HOHFWURQLF PHDVXUHPHQW WHFKQLTXHV WKDW KDYH EHHQ GHYHORSHG� 0HDVXUHPHQWV RQ WKH 136 VLJPD ODVHU
DUH LQ WKH LQLWLDO VWDJHV�

,Q 3DUW ,,� ZH FRQVLGHU RSWLFDO DUFKLWHFWXUHV WKDW FDQ EH XVHG WR UHGXFH WKH VWULQJHQW UHTXLUHPHQWV
RQ WKH VDPSOLQJ VRXUFH� 7KH VLJQDO SURFHVVLQJ WHFKQLTXHV FDQ EH GLYLGHG LQWR RSWLFDO RYHUVDPSOLQJ

�UHODWLYH WR WKH 1\TXLVW VDPSOLQJ UDWH� DQG RSWLFDO XQGHUVDPSOLQJ PHWKRGV�

q ,Q RSWLFDO RYHUVDPSOLQJ PHWKRGV WKH H[WUD GDWD WKDW LV UHFRUGHG E\ WKH VDPSOLQJ PHWKRG
FDQ EH XVHG WR LQFUHDVH WKH ELW UHVROXWLRQ RI WKH GLJLWL]HU RU� HTXLYDOHQWO\� WR LQFUHDVH WKH
VLJQDO�WR�QRLVH UDWLR RI WKH VDPSOHG VLJQDO� ,Q SDUWLFXODU� D QRYHO SKRWRQLF VLJPD�GHOWD GLJLWDO
FRQYHUWRU KDV EHHQ GHYHORSHG DQG VWXGLHG� 7KLV LPSOHPHQWDWLRQ XVHV RSWLFDO GHOD\ OLQHV DV
DFFXPXODWRUV WR SURGXFH WKH GLJLWDO RXWSXW� 6LPXODWLRQ UHVXOWV IRU WKHVH RSWLFDO DFFXPXODWRUV
DUH LQFOXGHG LQ WKLV UHSRUW� DV LV GHWDLOHG LQIRUPDWLRQ RQ WKH XVH RI RSWLFDO GHOD\ OLQHV XVHG DV
nEHU ODWWLFH VWUXFWXUHV� 7KLV VHFWLRQ DOVR LQFOXGHV FRPSOHWH VLPXODWLRQ UHVXOWV IRU D nUVW�RUGHU
RSWLFDO VLJPD�GHOWD FRQYHUWRU DQG SUHOLPLQDU\ VLPXODWLRQ UHVXOWV IRU D VHFRQG�RUGHU FRQYHUWRU�

q 8QGHUVDPSOLQJ WKH VLJQDO GRHV QRW ZRUN LI RQO\ D VLQJOH FKDQQHO LV XVHG� 8QGHUVDPSOLQJ LQ D
VHW RI SDUDOOHO FKDQQHOV� KRZHYHU� DOORZV WKH LQWHJUDWLRQ RI WKH DGGLWLRQDO LQIRUPDWLRQ LQWR D
ZLGHU EDQGZLGWK DQG PRUH UHVROXWLRQ WKDQ FDQ EH DFKLHYHG E\ DQ\ VLQJOH FKDQQHO� +DQGOLQJ WKH
SDUDOOHO LQIRUPDWLRQ XVLQJ WKH 6\PPHWULFDO 1XPEHU 6\VWHP �616� LV VKRZQ WR EH HTXLYDOHQW WR
WKH 'LVFUHWH )RXULHU 7UDQVIRUP WHFKQLTXH IRU nQGLQJ WKH VSHFWUDO FRQWHQW RI D VLJQDO� $ SDUDOOHO
RSWLFDO SURFHVVLQJ DUFKLWHFWXUH LV H[SORUHG WKDW LPSOHPHQWV D WZR�FKDQQHO XQGHUVDPSOLQJ ')7
UHFHLYHU EDVHG RQ 616 SURFHVVLQJ�

$GGLWLRQDOO\ 3DUW ,, FRQVLGHUV WKH DPHOLRUDWLRQ RI MLWWHU HmHFWV WKURXJK VLJQDO SURFHVVLQJ� -LWWHU
PDQLIHVWV LWVHOI DV QRQXQLIRUP VDPSOLQJ RI WKH VLJQDO� WHFKQLTXHV KDYH EHHQ GHYHORSHG LQ WKH VLJQDO
SURFHVVLQJ OLWHUDWXUH WR SUHGLFW WKH HmHFWV RI WKHVH QRQXQLIRUPLWLHV� 6LPXODWLRQV DUH VKRZQ WR YHULI\
WKH SUHGLFWLRQ RI SHUIRUPDQFH XVLQJ ORZ IUHTXHQF\ YDOXHV WKDW ZHUH HDVLO\ FRPSXWHG�

�



�



3KRWRQLF 6DPSOLQJ RI 6LJQDOV �

3DUW ,

/DVHU 6DPSOLQJ DQG -LWWHU (mHFWV

� ,QWURGXFWLRQ

$QDORJ�WR�GLJLWDO FRQYHUWHUV �$'&V� WKDW FDQ GLJLWL]H D ZLGH EDQGZLGWK SRUWLRQ RI WKH UI VSHFWUXP
�H�J�� D �� *+] EDQG� ZLWK VXpFLHQW DFFXUDF\ �H�J� �� ELWV� KDYH EHHQ D ORQJ�VRXJKW JRDO� 6XFK
$'&V W\SLFDOO\ EHJLQ ZLWK D VDPSOLQJ RI WKH UI VLJQDO ZLWK QDUURZ SXOVHV DW D VDPSOLQJ IUHTXHQF\�
IV� 7KLV VDPSOLQJ IUHTXHQF\ PXVW EH JUHDWHU WKDQ RU HTXDO WR WZLFH WKH KLJKHVW IUHTXHQF\ FRQWDLQHG
LQ WKH ZDYH� IP� L�H��

IV w �IP � ���

�7KH 1\TXLVW VDPSOLQJ IUHTXHQF\ I1 LV REWDLQHG ZKHQ WKH HTXDOLW\ LV XVHG� I1  �IP�� ,I RXU
UHSUHVHQWDWLYH ���*+]�ZLGH VLJQDO LV D EDVHEDQG VLJQDO �L�H�� LWV ORZHVW IUHTXHQF\ LV FORVH WR ]HUR��
WKHQ LWV 1\TXLVW VDPSOLQJ IUHTXHQF\ LV �� *+]� �7KH 1\TXLVW VDPSOLQJ UDWH LV �� JLJDVDPSOHV�V
>*6�V@�� $IWHU WKH VDPSOLQJ KDV EHHQ DFFRPSOLVKHG� SURFHVVLQJ GLJLWL]HV WKH VDPSOH� ,Q 3DUW , RI
WKLV UHSRUW� ZH LQYHVWLJDWH WKH SHUIRUPDQFH RI RSWLFDO SXOVH WUDLQV XVHG DV VDPSOLQJ ZDYHIRUPV DQG
GR QRW FRQFHUQ RXUVHOYHV DW WKLV WLPH ZLWK WKH GLJLWL]DWLRQ RI WKH VDPSOH�
7KH SHUIRUPDQFH UHTXLUHPHQW RI DQ RSWLFDO $'& KDV EHHQ VWXGLHG E\ 7D\ORU >�@� +H GHULYHG

H[SUHVVLRQV IRU ERWK WKH PD[LPXP SXOVH ZLGWK WKDW WKH VDPSOLQJ SXOVH FDQ KDYH� DV ZHOO DV WKH
PD[LPXP VDPSOH�WLPH XQFHUWDLQW\ �RU ?MLWWHU�� WKDW WKH VDPSOLQJ ZDYHIRUP FDQ KDYH� +LV GHULYD�
WLRQV DUH UHSHDWHG LQ $SSHQGL[ $ RI WKLV UHSRUW�
7KH VDPSOLQJ ZDYHIRUP ZLOO QRW EH SHUIHFWO\ SHULRGLF� (DFK SXOVH WKDW VKRXOG DUULYH DW WLPH WL

ZLOO KDYH D VPDOO WLPLQJ HUURU RI pW� 7KLV pW LV WKH MLWWHU RI WKH SXOVH WUDLQ� 7KLV MLWWHU ZLOO FDXVH
WKH VDPSOH WR EH WDNHQ DW D VOLJKWO\ GLmHUHQW WLPH WKDQ GHVLUHG� 6DPSOLQJ DW WKH LQFRUUHFW LQVWDQW
RI WLPH OHDGV WR DQ HUURU LQ WKH PHDVXUHG YROWDJH� 7D\ORU >�@ VKRZV WKDW WKH PD[LPXP MLWWHU WKDW
FDQ EH WROHUDWHG ZLWKRXW LQFXUULQJ D HUURU JUHDWHU WKDQ RQH�KDOI RI YROWDJH OHYHO FRUUHVSRQGLQJ WR
RQH OHDVW�VLJQLnFDQW ELW LV JLYHQ E\

pWPD[ �
�

�1��{IP
 

�

�1{I1
� ���

ZKHUH pWPD[ LV WKH PD[LPXP MLWWHU� 1 LV WKH QXPEHU RI ELWV LQ WKH GLJLWL]HG RXWSXW� IP LV WKH
KLJKHVW IUHTXHQF\ LQ WKH VLJQDO� DQG I1 LV WKH 1\TXLVW VDPSOLQJ UDWH IRU WKH VLJQDO �I1  �IP��
)RU RXU UHSUHVHQWDWLYH ���ELW� ���*+]�EDQGZLGWK $'&� WKH 1\TXLVW UDWH ZRXOG EH �� *6�V DQG WKH
PD[LPXP DOORZDEOH MLWWHU LV ���� IV� 7KLV MLWWHU UHTXLUHPHQW LV FKDOOHQJLQJ WR PHHW� )LJXUH � VKRZV
FXUYHV IRU $'&V ZLWK ��ELW� ���ELW� ���ELW� DQG ���ELW UHVROXWLRQV DV D IXQFWLRQ RI WKH SXOVH VDPSOLQJ
UDWH� ,Q WKHVH FXUYHV� D 1\TXLVW VDPSOLQJ UDWH ZDV DVVXPHG �H�J�� RXU ���*+] ZLGH VLJQDO ZRXOG
UHTXLUH D �� *+] VDPSOLQJ IUHTXHQF\�� :H VHH IURP WKH nJXUH WKDW VDPSOLQJ UDWHV KLJKHU WKDQ RQH
*+] UHTXLUH VXE�SLFRVHFRQG WLPLQJ MLWWHU�
6LPLODUO\� 7D\ORU >�@ FRQVLGHUHG WKH PD[LPXP SXOVH ZLGWK �RU LQWHUDFWLRQ WLPH� WKDW WKH VDPSOLQJ

SXOVH FDQ KDYH� 'XULQJ WKH VDPSOLQJ ZLGWK� WKH PHDVXUHG YROWDJH FDQ EH FKDQJLQJ� $VVXPLQJ WKDW
WKH VDPSOLQJ SURFHVV FRPSXWHV WKH DYHUDJH RI WKH YROWDJH GXULQJ WKH VDPSOLQJ SXOVH ZLGWK UDWKHU
WKDQ WKH LQVWDQWDQHRXV YDOXH DW WLPH WL� 7D\ORU IRXQG WKDW WKH PD[LPXP VDPSOLQJ SXOVH ZLGWK� c7 �
LV

c7 �

S
�

{IP
S
�1b�

� ���
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)LJXUH �� 0D[LPXP DOORZHG c7 �ODVHU SXOVH ZLGWK SOXV RSWLFDO SURSDJDWLRQ WLPH LQ PRGXODWRU

HOHFWURGHV� YV� SXOVH UHSHWLWLRQ IUHTXHQF\ IRU $�WR�' FRQYHUWHUV IRU ��� ���� ���� DQG ���ELW FRQYHUWRUV�

2XU UHSUHVHQWDWLYH ���*+]� ���ELW $'& ZRXOG UHTXLUH WKDW c7PD[  ��� SV� 0RGHORFNHG ODVHUV DUH

DYDLODEOH WKDW SURGXFH RXWSXWV EHORZ WKLV GXUDWLRQ� VR WKH SXOVH ZLGWK LV D OHVVHU FRQVWUDLQW WKDQ

WKH MLWWHU UHTXLUHPHQW�

)LJXUH � VKRZV D SORW RI WKH SXOVH ZLGWK UHTXLUHPHQW YV� WKH VDPSOH UDWH IRU $'&V ZLWK ��ELW�

���ELW� ���ELW� DQG ���ELW UHVROXWLRQ� :H QRWH WKDW JLJDKHUW] VDPSOLQJ IUHTXHQFLHV JHQHUDOO\ UHTXLUH

SXOVH ZLGWKV VHYHUDO SLFRVHFRQGV RU OHVV�

0RGHORFNHG ODVHU WHFKQRORJ\ RmHUV WKH SURPLVH RI EHLQJ DEOH WR JHQHUDWH KLJK�IUHTXHQF\ SXOVH

WUDLQV ZLWK VPDOO DPRXQWV RI MLWWHU� :H QRZ WXUQ RXU DWWHQWLRQ WR WKH WHFKQRORJ\ RI PRGHORFNHG

ODVHUV�

� 0RGHORFNLQJ 7HFKQLTXHV

0RGHORFNLQJ DOORZV WKH XVHU WR REWDLQ D WUDLQ RI XOWUDVKRUW SXOVHV IURP D ODVHU� 7KH FRQFHSW LV WR

ORFN WKH SKDVHV RI PDQ\ PRGHV WRJHWKHU WR SURGXFH WKLV SXOVH WUDLQ�

q 3DVVLYH PRGHORFNLQJ� ,Q SDVVLYH PRGHORFNLQJ WKH SXOVH WUDLQ EXLOGV XS IURP WKH QRLVH �LI WKH

ODVHU LV VHOI�VWDUWLQJ� DQG WKH SXOVH DPSOLWXGH DQG ZLGWK DGMXVW WKHPVHOYHV WR DQ HTXLOLEULXP

FRQGLWLRQ DIWHU D VWDUWXS WUDQVLHQW� 7KH ODVHU LQFRUSRUDWHV DQ HOHPHQW ZKRVH WUDQVPLVVLYLW\

�RU SKDVH UHVSRQVH� LV D QRQOLQHDU IXQFWLRQ RI WKH OLJKW DPSOLWXGH SDVVLQJ WKURXJK LW �H�J�� D

QRQOLQHDU RSWLFDO PLUURU �12/0� RU D .HUU�HmHFW SRODUL]DWLRQ�URWDWLQJ HOHPHQW�� %RWK DPSOL�

WXGH DQG SKDVH PRGHORFNLQJ FDQ EH DFFRPSOLVKHG� 7KH SXOVH UHSHWLWLRQ UDWH RI WKH SXOVH WUDLQ



� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

LV GHWHUPLQHG E\ WKH PRGH VSDFLQJ RI WKH RSWLFDO UHVRQDWRU� WKLV LPSOLHV WKDW WKH UHVRQDWRU
OHQJWK LV LQYHUVHO\ SURSRUWLRQDO WR WKH UHSHWLWLRQ IUHTXHQF\� 2QH GLVDGYDQWDJH RI SDVVLYH PRG�
HORFNLQJ LV WKDW KLJK UHSHWLWLRQ IUHTXHQFLHV UHTXLUH DQ LPSUDFWLFDOO\ VPDOO UHVRQDWRU OHQJWK IRU
nEHU ODVHUV �H�J�� D � *+] UHSHWLWLRQ IUHTXHQF\ UHTXLUHV DSSUR[LPDWHO\ D ���FP nEHU UHVRQDWRU
OHQJWK�� +HQFH� KLJK SXOVH UDWH ODVHUV XVH DFWLYH PRGH�ORFNLQJ�

q $FWLYH PRGHORFNLQJ� ,Q DFWLYH PRGHORFNLQJ� DQ DPSOLWXGH� RU SKDVH�PRGXODWLQJ HOHPHQW LV
LQFOXGHG ZLWKLQ WKH UHVRQDWRU DQG WKH ORVVHV �RU SKDVH� DUH PRGXODWHG DW FORVH WR WKH GHVLUHG
UHSHWLWLRQ UDWH �ZKLFK PXVW EH D IXQGDPHQWDO RU KDUPRQLF RI WKH UHVRQDWRU IUHTXHQF\�� 7KH
PRGXODWLRQ PD\ EH VLQXVRLGDO DQG PRGHVW PRGXODWLRQ GHSWKV ZLOO VXpFH �L�H�� PRGXODWLRQ
GHSWKV RI � DUH QRW UHTXLUHG�� $FWLYH PRGHORFNLQJ� WKHUHIRUH� DOORZV KDUPRQLF PRGHORFNLQJ

ZKHUH WKHUH DUH DQ LQWHJHU QXPEHU RI SXOVHV ZLWKLQ WKH UHVRQDWRU� UDWKHU WKDQ MXVW RQH DV LQ
SDVVLYH PRGHORFNLQJ� 7KLV� LQ WXUQ� DOORZV RSHUDWLRQ DW KLJK UHSHWLWLRQ UDWHV ZLWK UHVRQDWRUV
RI DGHTXDWH OHQJWK WR DFKLHYH WKH FRPELQDWLRQ RI GHVLUHG SURSHUWLHV RI JDLQ� GLVSHUVLRQ� DQG
SXOVH FRPSUHVVLRQ�

� /DVHU &RQnJXUDWLRQV

6HYHUDO nEHU ODVHU FRQnJXUDWLRQV ZRUN DV PRGHORFNHG ODVHUV� ,Q DGGLWLRQ� YDULRXV GLRGH DQG VROLG�
VWDWH ODVHUV KDYH DOVR EHHQ PRGHORFNHG WR SURGXFH VKRUW SXOVHV ZLWK ORZ MLWWHUV�

q )LJXUH�HLJKW ODVHU� )LJXUH � VKRZV D FRQFHSWXDO GLDJUDP RI D ?nJXUH�HLJKW� ODVHU >�@� 7KLV ODVHU
FRXSOHV D nEHU ULQJ RQ WKH OHIW VLGH ZLWK D ?QRQOLQHDU DPSOLI\LQJ ORRS PLUURU� �1$/0� >�@ RQ
WKH ULJKW VLGH� 7KH 1$/0 FRQVLVWV RI WKH ����� RSWLFDO FRXSOHU DQG WKH HUELXP�GRSHG nEHU
DPSOLnHU �SXPSHG E\ DQ DSSURSULDWH SXPS ODVHU� KHUH VKRZQ DV D ����QP GLRGH ODVHU�� 7KLV
FRPELQDWLRQ KDV D QRQOLQHDU UHoHFWLYLW\ ZKRVH UHoHFWLRQ FRHpFLHQW LV D IXQFWLRQ RI WKH LQFLGHQW
RSWLFDO SRZHU� 7KH OHIW ORRS LV D FRQYHQWLRQDO nEHU ZLWK DQ LVRODWRU WR PDNH WKH RSWLFDO oRZ
XQLGLUHFWLRQDO WKURXJK WKH ULQJ DQG DQ ����� FRXSOHU WR H[WUDFW D SRUWLRQ RI WKH OLJKW�

)LJXUH �� &RQFHSWXDO OD\RXW RI D nJXUH�HLJKW ODVHU� �$IWHU >�@��
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)LJXUH � VKRZV D YDULDWLRQ RI WKH nJXUH�HLJKW ODVHU WKDW LV FDOOHG D ?VLJPD ODVHU� �RU ?}
ODVHU�� >�^�@� 7KLV ODVHU XVHV D GRXEOH SDVV WKURXJK WKH DPSOLI\LQJ nEHU WR LQFUHDVH WKH OLJKW
LQWHQVLW\� 7KH SRODUL]DWLRQ RI WKH OLJKW LV FRQWUROOHG DQG URWDWHG ��p E\ WKH )DUDGD\ PLUURU DW
WKH HQG� VR WKDW WKH SRODUL]DWLRQV RI HDFK SDVV DUH RUWKRJRQDO WR HDFK RWKHU �WKHUHE\ UHPRYLQJ
WKH ELUHIULQJHQFH HmHFWV WKDW ZRXOG RWKHUZLVH EH SUHVHQW RQ DQ XQSRODUL]HG EHDP��

)LJXUH �� &RQFHSWXDO OD\RXW RI WKH 15/ ?VLJPD�ODVHU� �RU ?}�ODVHU��� �$IWHU >�@��

q 5LQJ ODVHU� )LJXUH ��D�D LOOXVWUDWHV D SDVVLYHO\ PRGHORFNHG ULQJ ODVHU WKDW LQFRUSRUDWHV D
VHFWLRQ RI SRVLWLYH GLVSHUVLRQ nEHU �WKLV nEHU DOVR SURYLGHV WKH JDLQ� DQG D QHJDWLYH GLVSHUVLRQ
nEHU >�^��@� 7KH PRGHORFNLQJ LV DQ DGGLWLYH�SKDVHPRGHORFN� 7KLV ODVHU FRQnJXUDWLRQ SURYLGHV
D SXOVH FRPSUHVVLRQ FDSDELOLW\� )LJXUH ��E�E VKRZV WKH SXOVHV RXW RI WKH ULQJ ODVHU� 6LQFH WKLV
ODVHU LV SDVVLYHO\ PRGHORFNHG LV XQVXLWDEOH IRU JHQHUDWLQJ WKH PXOWL�JLJDKHUW] SXOVH WUDLQ WKDW
ZH GHVLUH�

� 3XOVH 6KRUWHQLQJ DQG 5HVRQDWRU 6WDELOL]DWLRQ LQ 0RGH�

ORFNHG /DVHUV

��� 3XOVH 6KRUWHQLQJ

$ NH\ FRQFHSW LQ WKH SURGXFWLRQ RI XOWUDVKRUW SXOVHV IURP PRGHORFNHG ODVHUV ZDV WKH UHDOL]DWLRQ
WKDW D VHFWLRQ RI SXOVH�FRPSUHVVLRQ nEHU FRXOG IXUWKHU VKRUWHQ WKH RXWSXW SXOVHV IURP WKH ODVHU�
7KLV SXOVH�FRPSUHVVLRQ nEHU LV XVXDOO\ D SLHFH RI GLVSHUVLRQ FRPSHQVDWLQJ nEHU ZLWK D QHJDWLYH
GLVSHUVLRQ �L�H�� D GLVSHUVLRQ ZLWK WKH RSSRVLWH VLJQ RI WKDW LQ WKH GLVSHUVLRQ�VKLIWHG nEHU DQG JDLQ
nEHU�� 7KH UHTXLUHG PLQLPXP DPRXQW RI GLVSHUVLRQ WR DFKLHYH SXOVH FRPSUHVVLRQ LV'Q�FULW  �����
ZKHUH 'Q  n�/ 'J� +HUH� n� LV WKH FKURPDWLF GLVSHUVLRQ FRHpFLHQW SHU XQLW OHQJWK� / LV WKH
nEHU OHQJWK� 'J LV WKH JDLQ GLVSHUVLRQ �JLYHQ E\ 'J  J l�

J
ZLWK J EHLQJ WKH VDWXUDWHG JDLQ RI

WKH ODVHU PHGLXP >W\SLFDOO\ J  ���@ DQG lJ EHLQJ WKH JDLQ EDQGZLGWK� >��@� ,Q WKH 15/ VLJPD
ODVHU� n�/ { ��� SV�� DQG WKH JDLQ GLVSHUVLRQ� 'J � LV DSSUR[LPDWHO\ ����� SV

�� )RU WKHVH YDOXHV� 'Q

� n�/ 'J� LV DSSUR[LPDWHO\ ���� ZHOO LQ H[FHVV RI WKH PLQLPXP UHTXLUHG YDOXH�
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�D� &RQFHSWXDO OD\RXW RI D nEHU ULQJ

ODVHU LQFRUSRUDWLQJ SXOVH FRPSUHVVLRQ�

�)URP >�@��

�E� 3XOVHV RXW RI ULQJ ODVHU XWLOL]LQJ SXOVH

FRPSUHVVLRQ� 7KH RXWHU SXOVH LV WDNHQ DI�

WHU HUELXP nEHU VHJPHQW DQG UHSUHVHQWV

WKH PD[LPXP SXOVH ZLGWK� 7KH LQQHU

SXOVH LV WDNHQ DIWHU ��� FP RI QHJDWLYH�

GLVSHUVLRQ RXWSXW FRXSOLQJ nEHU DQG UHS�

UHVHQWV WKH PLQLPXP SXOVH ZLGWK DWWDLQHG

ZLWK WKLV ODVHU ��� IV�� �)URP >�@��

)LJXUH �� 5LQJ ODVHU ZLWK ERWK SRVLWLYH DQG QHJDWLYH SXOVH GLVSHUVLRQ DQG RXWSXW SXOVH DXWRFRUUHOD�

WLRQ PHDVXUHPHQWV� �)URP 5HI� >�@��

:LWKRXW DQ\ SXOVH FRPSUHVVLRQ� WKH SUHGLFWHG SXOVH VKDSH LV *DXVVLDQ ZLWK D ZLGWK�~D� RI >�����@

~D  
�

U
'J

0V

���

ZKHUH0V LV WKH PRGXODWRU VWUHQJWK �JLYHQ E\0V  0��0 � ZLWK0 EHLQJ WKH PRGXODWLRQ GHSWK RI

WKH PRGHORFNLQJ PRGXODWRU DQG �0 EHLQJ WKH PRGXODWLRQ IUHTXHQF\�� 7KH IXOO�ZLGWK� KDOI�PD[LPXP

�):+0� SXOVH ZLWK LV ~):+0  ����~D�

:LWK WKH DGGLWLRQ RI D SXOVH�FRPSUHVVLRQ nEHU� WKH PD[LPXP SRVVLEOH UHGXFWLRQ LQ SXOVH ZLGWK�

5PD[� LV >��@

5PD[  �����
��

V
��j� ���

'J0V

���

ZKHUH j� LV WKH SKDVH VKLIW LQFXUUHG E\ WKH SXOVH SHU URXQG WULS WKURXJK WKH UHVRQDWRU �DV JLYHQ E\

j�  M'M ~� ZLWK M'M EHLQJ WKH LQWUDFDYLW\ GLVSHUVLRQ SHU URXQG WULS DQG ~ EHLQJ WKH SXOVH ZLGWK��
7KH W\SLFDO YDOXH RI j� LV ��� >��@ DQG ~ LV WKHQ IRXQG IURP ~  

S
M'M j�� (TXDWLRQ � UHGXFHV WR

5PD[ { ����
�

V
'I

'J

 ���� �

S
'Q � ���

ZKHUH'I LV WKH nEHU GLVSHUVLRQ �'I  n�/�� )RU WKH SUHYLRXV YDOXHV RI'I  ��� SV
� DQG'J  �����

SV�� ZH nQG 5PD[  ����
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7KH PLQLPXP SXOVH ZLGWK DFKLHYHG LV >��@

~PLQ  
�

V
�'�

J

�j�0V

� ���

7KH QHFHVVDU\ UHTXLUHG DPRXQW RI QRUPDOL]HG QHJDWLYH GLVSHUVLRQ WR DFKLHYH WKLV PLQLPXP SXOVH

ZLGWK LV >��@

'Q  
�

�
�

V
��j� ���

'J0V

� ���

7KHVH HTXDWLRQV DOORZ XV WR SUHGLFW WKH PLQLPXP SXOVH OHQJWK WKDW FDQ EH DFKLHYHG DQG WR FDOFXODWH

WKH UHTXLUHG DPRXQW RI QHJDWLYH GLVSHUVLRQ UHTXLUHG WR DFKLHYH WKLV PLQLPXP SXOVH ZLGWK� %HFDXVH

RI WKH ��WK URRW GHSHQGHQFH RI WKH SXOVH VKRUWHQLQJ� WKH VKRUWHQLQJ GHSHQGV SULPDULO\ RQ WKH JDLQ

EDQGZLGWK lJ �

��� 5HVRQDWRU 6WDELOL]DWLRQ

&KDQJHV LQ FDYLW\ OHQJWK EHFRPH FKDQJHV LQ SXOVH SRVLWLRQ� >��@ 7KH UHVXOWDQW WLPLQJ MLWWHU� #W� LV

UHODWHG WR WKH FKDQJH LQ FDYLW\ OHQJWK� #O� E\

#W  
#O

�{/IP
���

ZKHUH / LV WKH FDYLW\ OHQJWK �RU SHULPHWHU RI D ULQJ ODVHU� DQG IP LV WKH PRGXODWLRQ IUHTXHQF\�

)RU H[DPSOH� WR DFKLHYH D ��SV MLWWHU DW D PRGXODWLRQ IUHTXHQF\ RI � N+] IRU D ULQJ ODVHU RI � P

�FRUUHVSRQGLQJ WR D ��� 0+] UHSHWLWLRQ UDWH� UHTXLUHV WKDW WKH RSWLFDO SDWK EH FRQWUROOHG WR ZLWKLQ

��� xP� VHWWLQJ WKH VWDQGDUG RI KDYLQJ D FDYLW\ FRQWURO V\VWHP ZLWK D EDQGZLGWK RI VHYHUDO NLORKHUW]

DQG D VXEPLFURQ SRVLWLRQDO DFFXUDF\� 0RVW RI WKHVH FRQWURO V\VWHPV DUH EDVHG RQ D SLH]RHOHFWULF

H[SDQGHU GULYHQ LQ DQ HOHFWURQLF IHHGEDFN ORRS� 7KH UHVRQDWRU VWDELOL]HU XVHG LQ WKH 136 VLJPD

ODVHU LV GHVFULEHG LQ PRUH GHWDLO LQ D ODWHU VHFWLRQ�

� /DVHU 3HUIRUPDQFH 0HDVXUHPHQWV

7\SLFDO PHDVXUHPHQWV RI WKH RXWSXW SXOVH WUDLQ LQFOXGH�

q WHPSRUDO SXOVH FKDUDFWHULVWLFV �SXOVH UHSHWLWLRQ IUHTXHQF\ >35)@ DQG SXOVH ZLGWK�

q WKH 5) VSHFWUXP RI WKH SXOVH WUDLQ �IXQGDPHQWDO DQG KDUPRQLFV� SKDVH QRLVH >MLWWHU@ DQG

DPSOLWXGH QRLVH RI VRXUFH�

q RSWLFDO VSHFWUXP RI VRXUFH �ZDYHOHQJWK� VSHFWUDO ZLGWK� DQG V\PPHWU\ RI VSHFWUXP�

��� 3XOVH 5HSHWLWLRQ )UHTXHQF\

7KH 35) RI WKH ODVHU SXOVH WUDLQ LV PHDVXUHG E\ DSSO\LQJ WKH RXWSXW RI D IDVW SKRWRGHWHFWRU WR DQ

HOHFWURQLF VSHFWUXP DQDO\]HU DQG PHDVXULQJ WKH FHQWHU IUHTXHQF\ RI WKH ORZHVW KDUPRQLF REVHUYHG

�L�H�� WKH PRGHORFNHU PRGXODWLRQ IUHTXHQF\��
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��� $XWRFRUUHODWRU 0HDVXUHPHQW RI 3XOVH :LGWK

%HFDXVH RI WKH OLPLWHG VSHHG RI PRGHUQ GHWHFWRUV� DPSOLnHUV� DQG RVFLOORVFRSHV� LW LV QRW SRVVLEOH
WR PHDVXUH GLUHFWO\ WKH SXOVH ZLGWK� ,QVWHDG� WKH SXOVH ZLGWK LV PHDVXUHG ZLWK DQ DXWRFRUUHODWLRQ
PHDVXUHPHQW� $V VKRZQ LQ )LJ� �� WKH RSWLFDO SXOVH LV VSOLW LQ WR WZR SXOVHV DQG WKH UHSOLFDV
DUH SDVVHG WKURXJK D QRQOLQHDU FU\VWDO IURP RSSRVLWH HQGV� ,Q WKH UHJLRQ ZKHUH WKH SXOVHV RYHUODS�
VHFRQG�KDUPRQLF JHQHUDWLRQ RFFXUV� 7KH GRXEOHG�IUHTXHQF\ OLJKW LV GHWHFWHG ZLWK D VHQVLWLYH� nOWHUHG
SKRWRPXOWLSOLHU WXEH DQG D WUDFH LV EXLOW XS RQ D VDPSOLQJ RVFLOORVFRSH DV WKH GHOD\ LV FKDQJHG� 6LQFH
WKH SXOVHV DUH UHSOLFDV RI WKH LQSXW SXOVH� WKH WUDFH UHFRUGV WKH DXWRFRUUHODWLRQ RI WKH SXOVH WUDLQ�
7KH ZLGWK �):+0� RI WKH DXWRFRUUHODWLRQ LV UHFRUGHG DQG WKH SXOVH ZLGWK RI WKH RSWLFDO SXOVH
LV FRPSXWHG IURP WKLV PHDVXUHPHQW� EDVHG RQ HLWKHU D *DXVVLDQ�VKDSHG SXOVH �OLWWOH RU QR SXOVH
FRPSUHVVLRQ� RU D SXOVH VKDSH WKDW IROORZV WKH VTXDUH RI WKH K\SHUEROLF�VHFDQW �PD[LPXP SXOVH
FRPSUHVVLRQ�� 7KH SURGXFW RI WKH PHDVXUHG ZLGWK DQG WKH VSHFWUDO OLQZLGWK �WKH WLPH�EDQGZLGWK

SURGXFW� FDQ EH XVHG WR GHWHUPLQH WKH SXOVH VKDSH� $ YDOXH RI ���� RU ORQJHU LQGLFDWHV D *DXVVLDQ
SXOVH DQG D YDOXH RI ���� LQGLFDWHV D VHFK� VKDSH� 9DOXHV EHWZHHQ WKHVH H[WUHPHV LQGLFDWH D K\EULG
ZDYH DQG WKDW PRUH SXOVH FRPSUHVVLRQ FRXOG EH DFKLHYHG� $SSHQGL[ % FRQWDLQV PRUH LQIRUPDWLRQ
DERXW WKH DXWRFRUUHODWLRQ PHDVXUHPHQW�

)LJXUH �� 2SWLFDO DXWRFRUUHODWRU IRU XVH LQ PHDVXULQJ SXOVH ZLGWK RI VKRUW RSWLFDO SXOVHV�

��� /DVHU :DYHOHQJWK DQG 6SHFWUDO :LGWK

$Q RSWLFDO VSHFWUXP DQDO\]HU LV XVHG WR PHDVXUH WKH ODVHU ZDYHOHQJWK DQG WKH VSHFWUDO ZLGWK RI WKH
RSWLFDO VRXUFH� ,W DOVR VKRZV ZKHWKHU XQH[SHFWHG ZDYHOHQJWKV DUH ODVLQJ DQG LQGLFDWHV ZKHWKHU WKH
VRXUFH VSHFWUXP LV V\PPHWULFDO RU QRW�

��� -LWWHU 0HDVXUHPHQW

7KH PHDVXUHPHQW RI WKH ODVHU MLWWHU LV GLpFXOW LQ WKH WLPH GRPDLQ� 6LQFH ZH DUH XQDEOH WR UHVROYH
WKH SXOVH� LW LV QRW SRVVLEOH WR UHVROYH LWV SRVLWLRQ WR WKH IHPWRVHFRQG DFFXUDF\ WKDW LV UHTXLUHG� &RQ�
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VHTXHQWO\� MLWWHU PHDVXUHPHQWV DUH GRQH E\ FRPSXWDWLRQV EDVHG RQ PHDVXUHPHQWV LQ WKH IUHTXHQF\
GRPDLQ >��^��@� 7KH SXOVH WUDLQ IURP WKH ODVHU LV DSSOLHG WR D IDVW SKRWRGLRGH DQG WKH RXWSXW LV
DSSOLHG WR DQ HOHFWURQLF VSHFWUXP DQDO\]HU� 7KH FXUUHQW IURP WKH GHWHFWRU� ,�W� LV >��@

,�W�  37 >� �1�W�@

�;
Q b�

p �Wb Q7 b -�W�� � ����

ZKHUH 3 LV WKH DYHUDJH SRZHU LQ WKH SXOVH WUDLQ� 7 LV WKH �LGHDO� SXOVH SHULRG� 1�W� LV WKH QRUPDOL]HG
ODVHU SXOVH DPSOLWXGH oXFWXDWLRQ� p�W� LV D 'LUDF GHOWD IXQFWLRQ� DQG -�W� LV WKH UDQGRP oXFWXDWLRQ LQ
WKH SXOVH DUULYDO WLPH �RU MLWWHU�� 7KH VSHFWUXP DQDO\]HU GLVSOD\V WKH SRZHU VSHFWUDO GHQVLW\�6S����
LQWHJUDWHG RYHU WKH DQDO\]HU
V UHVROXWLRQ EDQGZLGWK� 7KH SRZHU VSHFWUDO GHQVLW\ LV WKH )RXULHU
WUDQVIRUP RI WKH VWDWLVWLFDO DXWRFRUUHODWLRQ IXQFWLRQ RI ,�W� >��@� RU

6S���  ) I,�W� " ,�W�J � ����
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+HUH 61 ��� LV WKH DPSOLWXGH QRLVH VSHFWUDO GHQVLW\� 6- LV WKH SKDVH QRLVH �MLWWHU� VSHFWUDO GHQVLW\�
DQG �/ LV WKH �LGHDO� SXOVH UHSHWLWLRQ UDWH ��/  �{ 7 �� +HQFH� ZH VHH WKDW WKH VSHFWUXP ZLOO
FRQVLVW RI D VHW RI OLQHV DW WKH 35) RI WKH SXOVH WUDLQ� ��� DQG LWV KDUPRQLFV� (DFK OLQH ZLOO EH
DFFRPSDQLHG E\ D VHULHV RI DPSOLWXGH QRLVH VLGHEDQGV� 61 �Q�/� DQG SKDVH QRLVH �L�H�� MLWWHU� VLGH�
EDQGV� Q���

�
6- �Q�/� �ZKHUH Q LV YDOXH RI WKH KDUPRQLF RI WKH 35)�� $W WKH IXQGDPHQWDO IUHTXHQF\

WKH DPSOLWXGH QRLVH VSHFWUXP ZLOO GRPLQDWH WKH SKDVH QRLVH DQG 61 ��� FDQ EH PHDVXUHG� )LJXUH �D
VKRZV D UHSUHVHQWDWLYH VSHFWUXP� 7KH OLQH FRQVLVWV RI UHODWLYHO\ QDUURZ ODVHU VSHFWUXP DWRS D ZLGHU
SHGHVWDO GXH WR WKH QRLVH VSHFWUXP� $W KDUPRQLFV RI WKH IXQGDPHQWDO WKHUH DUH VLPLODU� ZHDNHU
OLQHV FHQWHUHG RQ WKH KDUPRQLF RI WKH IXQGDPHQWDO IUHTXHQF\� $V VKRZQ LQ )LJXUH �E� WKH QRLVH LV
D PL[WXUH RI DPSOLWXGH DQG SKDVH QRLVH �MLWWHU�� $W D KLJK HQRXJK KDUPRQLF� WKH SKDVH QRLVH ZLOO
GRPLQDWH WKH DPSOLWXGH QRLVH GXH WR LWV PXOWLSOLHU RI Q���

/
� �7KH WHVW IRU GRPLQDQW SKDVH QRLVH LV

WR FRPSDUH WKH QRLVH SURnOHV RI WZR KDUPRQLFV WR HQVXUH WKDW WKH WKHUH LV WKLV Q���
/
EHKDYLRU��

,Q D SDUDOOHO DSSURDFK� 5RGZHOO HW DO� >��� ��@ PRGHOV WKH SXOVH WUDLQ RXW RI WKH ODVHU DV D VHW RI
QRLV\� MLWWHU\ *DXVVLDQ VKDSHG SXOVHV �DV ZRXOG FRPH RXW RI D FRQYHQWLRQDO PRGHORFNHG ODVHU ZLWKRXW
DQ\ SXOVH FRPSUHVVLRQ�� JLYHQ E\
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�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

)LJXUH �� &RQFHSWXDO VSHFWUXP RI ODVHU SXOVH WUDLQ DW �D� WKH 35) IXQGDPHQWDO DQG �E� WKH Q�WK
KDUPRQLF RI WKH 35) IUHTXHQF\� ,Q SDUW �E� WKH GRWWHG FXUYH VKRZV WKH DPSOLWXGH QRLVH HmHFWV
ZLWKRXW DQ\ MLWWHU� WKH VROLG FXUYH LV WKH FRPELQHG HmHFWV RI DPSOLWXGH DQG MLWWHU QRLVH� 7KH MLWWHU
QRLVH GRPLQDWHV�



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

$JDLQ� WKH VSHFWUXP LV D VHULHV RI OLQHV DW KDUPRQLFV RI�/ SOXV D VHULHV RI DPSOLWXGH�QRLVH VLGHEDQGV�
61 ��bQ�/� DQG SKDVH�QRLVH VLGHEDQGV� Q

���
/6- ��bQ�/�� 2QFH DJDLQ� WKH ORZ RUGHU KDUPRQLFV DUH

GRPLQDWHG E\ WKH DPSOLWXGH QRLVH VLGHEDQGV DQG WKH KLJKHU RUGHU KDUPRQLFV DUH GRPLQDWHG E\ WKH
SKDVH�QRLVH VLGHEDQGV GXH WR WKHLU Q��/ ZHLJKWLQJ IDFWRU� 0RGHORFNHG ODVHUV ZLWK SXOVH FRPSUHVVLRQ
WHFKQRORJ\ WR VKRUWHQ WKH SXOVH SURGXFH VROLWRQ�VKDSHG ZDYHV ZLWK D VHFK��W� SRZHU GHSHQGHQFH�
7KH PHDVXUHPHQW RI ODVHU VWDELOLW\ LV VLPLODU WR WKH PHDVXUHPHQW RI PLFURZDYH VWDELOLW\ DQG KDV

ERUURZHG WHFKQLTXHV IURP WKDW DUHD� 7KH PHDVXUHPHQW WHFKQLTXHV IRU nQGLQJ61 ��� DQG 6-��� DUH
LOOXVWUDWHG LQ WKH nJXUH� 7KH XVHU VHWV XS WKH VSHFWUXP DQDO\]HU WR PHDVXUH WKH VSHFWUXP ZLWK D
G% YHUWLFDO VFDOH� )RU HDFK RmVHW IUHTXHQF\� WKH VLGHEDQG LV PHDVXUHG LQ VR PDQ\ G% EHORZ WKH SHDN
YDOXH RI WKH VSHFWUXP �WKH XQLWV DUH� WKXV� ?G%F� RU ?G% UHODWLYH WR WKH FDUULHU��� 7R EH SUHFLVH� WKH
PHDVXUHPHQW EDQGZLGWK RI WKH VSHFWUXP DQDO\]HU VKRXOG EH VSHFLnHG�
2QFH 6-��� LV GHWHUPLQHG� WKH URRW�PHDQ�VTXDUHG �UPV� YDOXH RI WKH MLWWHU �RYHU WKH IUHTXHQF\

UDQJH H[WHQGLQJ IURP �ORZ WR �KLJK LV FRPSXWHG IURP
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7KH OLPLW RQ WKH ORZHU IUHTXHQF\ LV OLQNHG WR WKH XSSHU OLPLW RQ WKH REVHUYDWLRQV GXUDWLRQ� >��@� 7KH
FKDQJH LQ WKH ODVHU WLPLQJ RYHU D GXUDWLRQ� c7 � LV JLYHQ E\ WKH ZHLJKWHG LQWHJUDO RI WKH WLPLQJ MLWWHU
VSHFWUDO GHQVLW\�
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7KH ��b FRV��c7 �� WHUP LQ WKH LQWHJUDO YDULHV DV ��c7 �� IRU �c7 ~ � DQG� VR� WKH MLWWHU FRP�
SRQHQWV IRU IUHTXHQFLHV OHVV WKDQ �ORZ  �{ �c7 FRQWULEXWH OLWWOH WR WKH FKDQJHV LQ ODVHU WLPLQJ
MLWWHU RYHU WKH REVHUYDWLRQ GXUDWLRQ� c7 � +HQFH� ZH FDQ XVH { �c7 DV WKH YDOXH RI �ORZ LQ WKH MLWWHU
HYDOXDWLRQ LQWHJUDO� )RU H[DPSOH� LQWHJUDWLQJ IURP IORZ  ���� +] LV DSSURSULDWH IRU HYDOXDWLQJ MLWWHU
WKDW RFFXUV GXULQJ DQ H[SHULPHQW RI � V GXUDWLRQ�
7KH UPV DPSOLWXGH QRLVH LV VLPLODUO\ IRXQG DV
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$Q DOWHUQDWLYH QRWDWLRQ LV DOVR XVHG >��@� 7KH SHDN SRZHU DW WKH KDUPRQLF IUHTXHQF\ FDQ EH FDOOHG
WKH FDUULHU SRZHU� 3F� 7KH MLWWHU LQ WKH IUHTXHQF\ UDQJH IURP IORZ WR IKLJK LV

}- >IORZ� IKLJK@  
7

�{Q

U
3VE

3F
� ����

ZKHUH

3VE  �

= QI/�IKLJK

QI/�IORZ

3 �I�

%
GI � ����

ZKHUH % LV WKH UHVROXWLRQ EDQGZLGWK RI WKH VSHFWUXP DQDO\]HU PHDVXUHPHQW� Q LV WKH KDUPRQLF
QXPEHU RI WKH PHDVXUHG VLGHEDQG� DQG I/ LV WKH ODVHU 35)�
*HQHUDOO\� WKH ODVHU LQWHQVLW\ QRLVH LV JUHDWHU WKDQ WKH VKRW QRLVH SRZHU LQ WKH GHWHFWRU� 7KLV

H[FHVV QRLVH� 61 ���� FDQ EH VWDWHG LQ WHUPV RI G% DERYH WKH VKRW QRLVH SRZHU DW D JLYHQ SKRWRFXUUHQW



�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

�XVXDOO\ DVVXPHG WR EH � P$�� $W WKH SKRWRGHWHFWRU� WKH UDWLR RI WKH VKRW QRLVH SRZHU�3VKRW� WR WKH
FDUULHU SRZHU LV

3VKRW
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ZKHUH ,� LV WKH GF SKRWRFXUUHQW IURP WKH GHWHFWRU DQG T LV WKH YDOXH RI WKH HOHFWURQ FKDUJH�
7KH 1DWLRQDO ,QVWLWXWH RI 6WDQGDUGV DQG 7HFKQRORJ\ KDV GHnQHG WKH VLQJOH�VLGHEDQG SKDVH QRLVH

VSHFWUDO GHQVLW\ RI WKH VRXUFH� ZKLFK LV /Q���  Q���
�6- ���� VR PHDVXUHPHQW RI 6��� IURP WKH Q�WK

KDUPRQLF RI WKH 35) DOORZV FDOFXODWLRQ RI /Q���� 7KH SDUDPHWHU /�I� � /� �{� LV WKH UDWLR
RI WKH SRZHU LQ RQH SKDVH PRGXODWLRQ VLGHEDQG �LQ D � +] EDQGZLGWK ORFDWHG DW DQ RmVHW RI I
+HUW] IURP WKH FHQWHU� WR WKH WRWDO VSHFWUDO SRZHU DW WKH FHQWHU� )ROORZLQJ WKH WHUPLQRORJ\ XVHG
LQ WKH PLFURZDYH OLWHUDWXUH� WKH YDOXHV RI /���� 6M��� DQG 61 ��� DUH JLYHQ LQ G%� )RU H[DPSOH�
/���� +]�  /����{ UDGLDQV V�  d��b�� V LV WKH VDPH DV /���� +]�  b��� G%F�� +]�� ZKHUH
?G%F� LV ?G% UHODWLYH WR WKH FDUULHU� DQG WKH � +] YDOXH LQ WKH SDUHQWKHVHV LQGLFDWHV WKH PHDVXUHPHQW
EDQGZLGWK� )UHTXHQWO\ /�I� LV SORWWHG LQVWHDG RI VKRZLQJ WKH ODVHU
V UI VSHFWUXP� )LJXUH � VKRZV D
UHSUHVHQWDWLYH SORW RI /�I� IRU WZR QRQ�nEHU ODVHUV�

)LJXUH �� 5HSUHVHQWDWLYH SORW RI /�I� IURP WZR PRGHORFNHG ODVHUV� 7KH VSHFWUD DUH UHIHUHQFHG IURP
WKH IXQGDPHQWDO IUHTXHQF\ RI WKH ODVHU SXOVH WUDLQ� )URP 5HI� >��@�

,Q FDVHV ZKHUH WKH KDUPRQLF YDOXH� Q� LV QRW ODUJH HQRXJK WKDW WKH MLWWHU QRLVH WRWDOO\ GRPLQDWHV
WKH DPSOLWXGH QRLVH� WKH VSHFWUXP RI WKH MLWWHU FDQ EH IRXQG E\ VXEWUDFWLQJ WKH VLQJOH�VLGHG SRZHU
VSHFWUDO GHQVLW\ RI WKH IXQGDPHQWDO IURP WKDW RI WKH Q�WK KDUPRQLF >��@�
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3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

7KH UPV WLPLQJ MLWWHU LV WKHQ IRXQG IURP
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��� /DVHU -LWWHU 0HDVXUHPHQW IURP )XQGDPHQWDO 6SHFWUXP

15/ KDV XVHG D PHWKRG WKDW LQWHUUHODWHV WKH PHDVXUHPHQW RI WKH DPSOLWXGH oXFWXDWLRQV RI WKH SXOVH
WUDLQ WR WKH WHPSRUDO MLWWHU� 7KH DPSOLWXGH ?MLWWHU� FDQ EH GHnQHG DV
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ZKHUH
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Mp$M� LV WKH UPV YDOXH RI WKH DPSOLWXGH oXFWXDWLRQV DQG $ LV WKH DYHUDJH DPSOLWXGH� 7KLV
MLWWHU LV IRXQG IURP >��@
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LV WKH SRZHU IRXQG LQ WKH QRLVH ?ZLQJV� RI WKH IXQGDPHQWDO VSHFWUXP DQG 3& LV WKH SRZHU LQ WKH
VLJQDO �DW WKH FHQWHU RI WKH VSHFWUXP�� 7KH SDUDPHWHU% LV WKH UHVROXWLRQ EDQGZLGWK RI WKH VSHFWUXP
DQDO\]HU DQG WKH IUHTXHQFLHV IORZ DQG IKLJK DUH WKH FXWRm IUHTXHQF\ YDOXHV GHVFULEHG HDUOLHU� 7KH
WLPLQJ MLWWHU }- LV UHODWHG WR WKH DPSOLWXGH MLWWHU E\ >��@
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ZKHUH 7 LV WKH SHULRG RI WKH SXOVH WUDLQ �ZLWKRXW DQ\ MLWWHU� DQG Q LV WKH KDUPRQLF ZKHUH WKH MLWWHU
KDV EHHQ PHDVXUHG� �7KH WLPLQJ MLWWHU FDQ DOVR H[SUHVVHG DV D IUDFWLRQ RI WKH SHULRG E\ nQGLQJ
}- 7  }$ �{Q�� 15/
V PHDVXUHPHQW RI WKHLU VLJPD ODVHU IRXQG DQ DPSOLWXGH MLWWHU RI ���� �RU
OHVV� DQG D UHVXOWDQW WLPLQJ MLWWHU RI ���� SV �RU OHVV��

� 0HDVXUHPHQW 5HVXOWV

��� 0HDVXUHG 3XOVH :LGWK 3HUIRUPDQFH

)LJXUH � RQ WKH IROORZLQJ SDJH VKRZV VRPH PHDVXUHG SXOVHZLGWK UHVXOWV IURP YDULRXV PRGHORFNHG
ODVHUV� :H REVHUYH IURP WKH nJXUH WKDW WKHUH LV QR SUREOHP PHHWLQJ WKH SXOVH ZLGWK UHTXLUHPHQWV
RI D VDPSOLQJ V\VWHP WR KDQGOH D ���*+] EDQGZLGWK� ���ELW V\VWHP� 3XOVH ZLGWKV RQ WKH RUGHU
RI RQH SLFRVHFRQG WR RQH�WHQWK RI D SLFRVHFRQG DUH UHDGLO\ DYDLODEOH� 7KH SXOVH ZLGWK UHTXLUHPHQW
EHFRPHV FKDOOHQJLQJ IRU D ���ELW V\VWHP DW VDPSOH UDWHV RI DERXW ��� *+] RU ODUJHU� 7DEOH � VKRZV
WKH PHDVXUHG SXOVH ZLGWK RI WKH VHYHUDO PRGHORFNHG ODVHUV WKDW ZHUH SORWWHG LQ )LJ� � RQ WKH QH[W
SDJH�
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10-bit Nyquist system requirement

NRL Sigma laser

)LJXUH �� ([SHULPHQWDOO\ PHDVXUHG ODVHU SXOVH ZLGWK YV� SXOVH UHSHWLWLRQ IUHTXHQF\ LQ PRGHORFNHG
ODVHUV� $OVR VKRZQ �VROLG OLQH� LV WKH WKHRUHWLFDO FXUYH IRU WKH PD[LPXP SXOVH ZLGWK SOXV WUDQVLW
WLPH RI D ���ELW $'& V\VWHP WKDW LV VDPSOHG DW WKH 1\TXLVW IUHTXHQF\ UDWH RI WZLFH WKH YDOXH RI WKH
PD[LPXP IUHTXHQF\ LQ WKH VLJQDO�



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

7DEOH �� 0HDVXUHG SXOVH ZLGWK RI PRGHORFNHG ODVHUV�

35) 3XOVH ZLGWK w 5HI� 35) 3XOVH ZLGWK w 5HI�
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�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

��� 0HDVXUHG -LWWHU 3HUIRUPDQFH

)LJXUH �� VKRZV WKH H[SHULPHQWDOO\ PHDVXUHG MLWWHU IRU VRPH RSHUDWLRQDO PRGHORFNHG ODVHUV� *HQHU�

DOO\� IHZ H[SHULPHQWHUV KDYH PHDVXUHG WKH MLWWHU RI WKHLU ODVHUV� VR WKHUH DUH IHZHU GDWD SRLQWV WKDQ

LQ WKH SUHYLRXV nJXUH� :H QRWH WKDW WKH MLWWHU UHTXLUHPHQW IRU D ���ELW V\VWHP LV PHW RQO\ IRU SXOVH

UDWHV RI DSSUR[LPDWHO\ � *+] DQG ORZHU� +LJKHU VDPSOLQJ UDWHV SUHVHQW D VLJQLnFDQW FKDOOHQJH WR

FRQWUROOLQJ WKH MLWWHU LQ WKH SXOVH WUDLQ� VLQFH MLWWHUV RQ WKH RUGHU RI �� IHPWRVHFRQGV RU VPDOOHU DUH

UHTXLUHG� 7DEOH � VKRZV WKH PHDVXUHG MLWWHU RI WKH PRGHORFNHG ODVHUV WKDW ZHUH SORWWHG LQ )LJ� ���

�)HZ RI WKH H[SHULPHQWV KDYH PHDVXUHG WKH MLWWHU��
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10-bit Nyquist system requirement

NRL sigma laser

)LJXUH ��� ([SHULPHQWDOO\ PHDVXUHG ODVHU MLWWHU YV� SXOVH UHSHWLWLRQ IUHTXHQF\ LQ PRGHORFNHG ODVHUV�

$OVR VKRZQ �VROLG OLQH� LV WKH WKHRUHWLFDO FXUYH IRU WKH PD[LPXP MLWWHU DOORZHG IRU D ���ELW $'&

V\VWHP WKDW LV VDPSOHG DW WKH 1\TXLVW IUHTXHQF\ UDWH RI WZLFH WKH YDOXH RI WKH PD[LPXP IUHTXHQF\

LQ WKH VLJQDO�

� 136 6LJPD /DVHU

%DVHG RQ WKH SHUIRUPDQFH DFKLHYHG ZLWK WKH 15/ VLJPD ODVHU� ZH GHFLGHG WR EXLOG D YHUVLRQ RI

WKLV ODVHU� :LWK WKH DLG RI WKH 15/ VLJPD ODVHU WHDP� D FRQFHSWXDO ODVHU ZDV GHVLJQHG DV VKRZQ LQ

)LJXUH ��� 7KH ODVHU FRQVLVWV RI WZR VHFWLRQV� 7KH SRODUL]DWLRQ�PDLQWDLQLQJ ORRS RQ WKH OHIW LV PDGH

RI SRODUL]DWLRQ�PDLQWDLQLQJ nEHU FRPSRQHQWV� 7KH DFWLYH PRGHORFNHU �D 0DFK�=HKQGHU PRGXODWRU�

LV LQ WKLV ORRS� DV LV WKH RXWSXW FRXSOHU� 7KH FLUFXODWLRQ LQ WKH ORRS LV XQLGLUHFWLRQDO �FORFNZLVH�



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

)LJXUH ��� 'HVLJQ FRQFHSW IRU 136 VLJPD ODVHU�



�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

7DEOH �� 0HDVXUHG MLWWHU SHUIRUPDQFH RI PRGHORFNHG ODVHUV�

<HDU 35) �0+]� 3XOVH ZLGWK �V� w �QP� -LWWHU �IV� 5HI�
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DV GHWHUPLQHG E\ WKH LVRODWRU WKDW LV LQFRUSRUDWHG LQ WKH ORRS� 2QH RI WKH VSOLFHV �MXVW EHORZ WKH

PRGXODWRU� LV D ��p VSOLFH WKDW DOLJQV WKH IDVW D[LV RI WKH nEHU RQ RQH VLGH ZLWK WKH VORZ D[LV RI

WKH nEHU RQ WKH RWKHU VLGH� WKH RWKHU VSOLFHV DUH �p VSOLFHV� $ SRODUL]DWLRQ�PDLQWDLQLQJ EHDPVSOLWWHU

LQWHUFRQQHFWV WKH SRODUL]DWLRQ�PDLQWDLQLQJ ORRS ZLWK WKH JDLQ VHFWLRQ RI WKH ODVHU� 7KH JDLQ VHFWLRQ

RI WKH ODVHU FRQVLVWV RI DQ HUELXP�GRSHG nEHU JDLQ VHFWLRQ �SXPSHG ZLWK WZR ����QP GLRGH SXPS

ODVHUV�� DQ LVRODWLRQ nOWHU WR UHPRYH WKH SXPS ZDYHOHQJWKV� WKH OHQJWK�VWDELOL]DWLRQ HOHPHQW WKDW

UHGXFHV MLWWHU �GHVFULEHG ODWHU�� D VHFWLRQ RI GLVSHUVLRQ�VKLIWHG nEHU WR SURYLGH WKH UHTXLUHG QRQOLQHDU

LQWHUDFWLRQ� D OHQJWK RI GLVSHUVLRQ�FRPSHQVDWLQJ nEHU WR SHUIRUP SXOVH FRPSUHVVLRQ� DQG D )DUDGD\

PLUURU WR URWDWH WKH OLQHDU SRODUL]DWLRQ RI WKH UHoHFWHG EHDP E\ ��p IURP WKH LQFLGHQW EHDP�

&RPSRQHQWV IRU WKH ODVHU ZHUH VHOHFWHG IURP FRPPHUFLDO YHQGRUV� 7KH ODVHU KDV EHHQ EXLOW

DQG LQLWLDO ODVLQJ KDV UHFHQWO\ EHHQ DFKLHYHG� 3UHOLPLQDU\ PHDVXUHPHQWV RI WKH ODVHU
V RSHUDWLQJ

FKDUDFWHULVWLFV DUH FXUUHQWO\ EHLQJ SHUIRUPHG�

��� 5HVRQDWRU 6WDELOL]DWLRQ

$V GHVFULEHG HDUOLHU� WKH SULPDU\ FDXVH RI MLWWHU LV oXFWXDWLRQV LQ WKH OHQJWK RI WKH ODVHU UHVRQDWRU

GXH WR HQYLURQPHQWDO HmHFWV� (OHFWURQLF IHHGEDFN WHFKQLTXHV KDYH EHHQ GHYHORSHG WR FDQFHO WKHVH

oXFWXDWLRQV >��������@� $V VKRZQ LQ )LJXUH ��� WKH ODVHU RXWSXW LV GHWHFWHG ZLWK D IDVW SKRWRGLRGH�

WKH UHVXOWLQJ YROWDJH LV DPSOLWXGH OLPLWHG� DQG DSSOLHG WR D GRXEOH�EDODQFHG PL[HU DFWLQJ DV D SKDVH

GHWHFWRU� 7KH SKDVH RI WKH ODVHU VLJQDO LV FRPSDUHG ZLWK D KLJK�VWDELOLW\ HOHFWURQLF UHIHUHQFH DQG DQ

HUURU VLJQDO LV JHQHUDWHG� ,QWHJUDWLRQ RI WKH HUURU VLJQDO FRQYHUWV WKH SKDVH�HUURU WR D IUHTXHQF\�HUURU

VLJQDO WKDW LV DPSOLnHG DQG DSSOLHG WR D SLH]RHOHFWULF ULQJ� 7KLV ULQJ KDV DERXW �� PHWHUV RI WKH

GLVSHUVLRQ�VKLIWHG nEHU ZUDSSHG DURXQG LW� $V WKH ULQJ H[SDQGV DQG FRQWUDFWV LQ UHVSRQVH WR WKH

HUURU VLJQDO� WKH RSWLFDO UHVRQDWRU OHQJWK FKDQJHV� FDXVLQJ D FRUUHVSRQGLQJ IUHTXHQF\ VKLIW LQ WKH

ODVHU RXWSXW� 7KH H[SDQVLRQ DQG FRQWUDFWLRQ RI WKH ULQJ ZLOO FDQFHO DQ\ FRQWUDFWLRQ RU H[SDQVLRQ RI

WKH UHVRQDWRU� WKHUHE\ NHHSLQJ WKH ODVHU 35) FRQVWDQW�

� 6XPPDU\ RI /DVHU 6DPSOLQJ 3HUIRUPDQFH 0HDVXUHV

,Q WKLV SDUW RI WKH UHSRUW� ZH KDYH SUHVHQWHG LQIRUPDWLRQ DERXW WKH XVH RI PRGHORFNHG ODVHU WR

SURYLGH WKH VDPSOLQJ VRXUFH IRU RSWLFDO VDPSOLQJ RI KLJK IUHTXHQF\ VLJQDOV� :H KDYH VKRZQ WKDW

WKHVH ODVHUV DUH FDSDEOH RI DFKLHYLQJ WKH SXOVH ZLGWK UHTXLUHPHQWV IRU D VDPSOLQJ V\VWHP DQG DUH

FORVH WR DFKLHYLQJ WKH MLWWHU UHTXLUHPHQWV� 7KHVH ODVHUV LQFRUSRUDWH DQ DFWLYH PRGH ORFNHU ZLWK
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)LJXUH ��� 5HVRQDWRU VWDELOLW\ FLUFXLW IRU 136 VLJPD ODVHU�

GHYLFHV WKDW LQGXFH D VROLWRQ�OLNH ZDYH ZLWKLQ WKH ODVHU� :LWK WKH DGGLWLRQ RI SXOVH�FRPSUHVVLRQ

GHYLFHV� WKH SXOVH ZLGWK LV QDUURZHG WR WKH SLFRVHFRQG DQG VXESLFRVHFRQG UHJLPH� 7KH MLWWHU RI

WKH ZDYH LV FRQWUROOHG WKURXJK WKH LQFRUSRUDWLRQ RI UHVRQDWRU VWDELOL]DWLRQ FLUFXLWU\ WR FRQWURO WKH

ODVHU UHVRQDWRU OHQJWK WR FRXQWHU WKH HQYLURQPHQWDO HmHFWV� 7KH FRPELQDWLRQ RI ORZ MLWWHU DQG KLJK

SXOVLQJ IUHTXHQF\ KDV EHVW EHHQ DFKLHYHG E\ WKH VLJPD ODVHU GHVLJQHG DW 15/ IRU KLJK GDWD�UDWH

RSWLFDO FRPPXQLFDWLRQV� :LWK WKH DLG RI WKH 15/ WHDP� ZH KDYH GHVLJQHG DQG EXLOW D VLJPD ODVHU

LQ RUGHU WR PHDVXUH LWV SHUIRUPDQFH DQG WR VHUYH DV D WHVWEHG WR H[SORUH WHFKQLTXHV IRU ORZHULQJ

WKH PHDVXUHG MLWWHU� :H KDYH DOVR LGHQWLnHG DQG GHVFULEHG WHFKQLTXHV IRU PHDVXULQJ WKH RSWLFDO

SHUIRUPDQFH RI WKHVH VKRUW�SXOVH� ORZ�MLWWHU SXOVH WUDLQV�
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3DUW ,,

2SWLFDO 6LJQDO 3URFHVVLQJ

� 'HVLJQ RI 2SWLFDO 2YHUVDPSOLQJ $UFKLWHFWXUHV

��� ,QWURGXFWLRQ

����� $GYDQWDJHV RI 2YHUVDPSOLQJ 0LFURZDYH 6LJQDOV

2SWLFDO VDPSOLQJ RI D PLFURZDYH VLJQDO DW WKH 1\TXLVW UDWH �VDPSOLQJ UDWH HTXDO WR WZLFH WKH EDQG�

ZLGWK RI LQWHUHVW� KDV WKH DGYDQWDJH RI D ORZ VDPSOLQJ UDWH� 'LVDGYDQWDJHV� KRZHYHU� LQFOXGH WKH

QHHG IRU KLJK�DFFXUDF\ DQDORJ DQWL�DOLDVLQJ FLUFXLWV WR nOWHU WKH VLJQDO EHIRUH VDPSOLQJ� 7KH nOWHU

FLUFXLWV VHUYH WR DWWHQXDWH WKH KLJK IUHTXHQF\ QRLVH DQG RXW�RI�EDQG FRPSRQHQWV WKDW DOLDV LQWR WKH

VLJQDO �DQWL�DOLDVLQJ nOWHU�� 7KHVH DQWL�DOLDVLQJ nOWHUV DUH YXOQHUDEOH WR QRLVH DQG LQWHUIHUHQFH ZKLFK

FRUUXSW WKH VLJQDO�RI�LQWHUHVW �62,�� $OVR� nQH�OLQH 9/6, WHFKQRORJ\ LV EHWWHU VXLWHG WR IDVW GLJLWDO

DUFKLWHFWXUHV UDWKHU WKDQ SUHFLVH DQDORJ DUFKLWHFWXUHV PDNLQJ WKH nOWHU IDEULFDWLRQ SURFHVV GLpFXOW�

:KHQ D VLJQDO LV RYHUVDPSOHG �VDPSOLQJ UDWH JUHDWHU WKDQ WZLFH WKH EDQGZLGWK RI LQWHUHVW��

WKH UHVROYDEOH EDQGZLGWK LV WUDGHG Rm IRU D KLJKHU SUHFLVLRQ UHSUHVHQWDWLRQ RI WKH VLJQDO LQ WKH

GLJLWDO GRPDLQ� 2YHUVDPSOLQJ LV DWWUDFWLYH IRU PDQ\ V\VWHPV LQ WKDW WKH DQDORJ DQWL�DOLDV nOWHULQJ

UHTXLUHPHQWV DUH UHOD[HG� 2YHUVDPSOLQJ DUFKLWHFWXUHV DUH HVSHFLDOO\ WROHUDQW RI FLUFXLW QRQ�LGHDOLWLHV

DQG FRPSRQHQW PLVPDWFK DQG DV VXFK GR QRW UHTXLUH KLJK SUHFLVLRQ FLUFXLWV� $OVR� ZLWK WKH ORZ

RSHUDWLQJ YROWDJH UHTXLUHPHQWV RI WKH SRVW�GHWHFWLRQ GLJLWDO SURFHVVRUV �H�J�� � 9�� DQDO\]LQJ WKH

VLJQDO LQ GLVFUHWH TXDQWL]DWLRQ OHYHOV LV EHFRPLQJ PRUH GLpFXOW� PDNLQJ RYHUVDPSOLQJ DQ DWWUDFWLYH

DOWHUQDWLYH� 6SHFLnFDOO\� DQ RYHUVDPSOLQJ DUFKLWHFWXUH �RU ?VLJPD�GHOWD� PRGXODWRU >RU hc0@� DV LW

LV FRPPRQO\ UHIHUUHG WR� FRQVLVWV RI DQ DQDORJ nOWHU LQ D IHHGEDFN ORRS� 7RJHWKHU ZLWK WKH nOWHU�

WKH IHHGEDFN ORRS DFWV WR DWWHQXDWH WKH TXDQWL]DWLRQ QRLVH DW ORZ IUHTXHQFLHV ZKLOH DPSOLI\LQJ WKH

KLJK IUHTXHQF\ QRLVH� 6LQFH WKH VLJQDO LV VDPSOHG DW PDQ\ WLPHV WKH 1\TXLVW UDWH� D GLJLWDO nOWHU FDQ

EH XVHG WR UHPRYH WKH KLJK�IUHTXHQF\ TXDQWL]DWLRQ�PRGXODWLRQ QRLVH ZLWKRXW DmHFWLQJ WKH VLJQDO

EDQG� 7KH FRQFHSWV RI RYHUVDPSOLQJ KDYH JURZQ IURP SXOVH FRGHPRGXODWLRQ WKHRU\ DQG DQ H[FHOOHQW

KLVWRU\ RI WKLV GHYHORSPHQW LV JLYHQ LQ 5HI� >��@�

����� ,QWHJUDWHG 2SWLFDO 3URFHVVLQJ

,QWHJUDWHG RSWLFDO FRPSRQHQWV RmHU D QXPEHU RI DGYDQWDJHV RYHU WKHLU HOHFWURQLF FRXQWHUSDUWV� 7KHVH

DGYDQWDJHV LQFOXGH ODUJH EDQGZLGWK� XVH RI RSWLFDO VRXUFHV IRU KLJK�VSHHG VDPSOLQJ� ORZ SRZHU

FRQVXPSWLRQ� LPSURYHG UHOLDELOLW\� DQG LQVHQVLWLYLW\ WR YLEUDWLRQ DQG HOHFWURPDJQHWLF LQWHUIHUHQFH�

6LQFH DOO�HOHFWURQLF hc PRGXODWRUV UHTXLUH RYHUVDPSOLQJ� WKHLU DSSOLFDELOLW\ LV PDLQO\ OLPLWHG WR

ORZ DQG PRGHUDWH VLJQDO IUHTXHQFLHV� 7KH XVH RI RSWLFDO LQWHJUDWHG FRPSRQHQWV LQ FRQMXQFWLRQ ZLWK

KLJK�VSHHG ODVHU SXOVH VDPSOLQJ PHWKRGV SURYLGH DQ DWWUDFWLYH VROXWLRQ WR WKH RWKHUZLVH EDQGOLPLWHG

DOO�HOHFWURQLF hc DUFKLWHFWXUH�

,Q 3DUW ,,� 6HFWLRQ ��� RI WKLV UHSRUW� WKH DGYDQWDJHV RI RYHUVDPSOLQJ DUH UHYLHZHG DQG WKH

SHUIRUPDQFH RI ERWK nUVW�RUGHU DQG VHFRQG�RUGHU hc0V DUH SUHVHQWHG� 7ZR LPSRUWDQW RSWLFDO

RYHUVDPSOLQJ VFKHPHV DUH WKHQ SUHVHQWHG LQ 6HFWLRQ ���� 7KH nUVW LV EDVHG RQ XVLQJ LQWHJUDWHG RSWLFDO

0DFK�=HKQGHU LQWHUIHURPHWHUV� nEHU ODWWLFH VWUXFWXUHV DQG PRGH�ORFNHG ODVHU VDPSOLQJ PHWKRGV� 7KH

VHFRQG DSSURDFK GHVFULEHG XVHV IUHH�VSDFH EXON RSWLF FRPSRQHQWV DQG HPSOR\V PXOWLSOH TXDQWXP ZHOO

DQG VHOI HOHFWUR�RSWLF FRPSRQHQWV� %RWK RI WKHVH DSSURDFKHV KDYH VKRZQ JRRG SURPLVH RI H[WHQGLQJ

WKH hc PRGXODWLRQ LQWR WKH YHU\ KLJK IUHTXHQF\ �9+)� UHJLRQ DQG EH\RQG�
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��� hc0 'HVLJQ

����� 6LJQDO�WR�1RLVH 5HODWLRQVKLSV

7R XQGHUVWDQG WKH FRQVHTXHQFHV RI RYHUVDPSOLQJ� ZH VWDUW ZLWK WKH GHYHORSPHQW LQ >��@ DQG DG�
GUHVV WKH EDVLF SURSHUWLHV RI TXDQWL]DWLRQ� )LJXUH �� VKRZV DQ H[DPSOH RI D XQLIRUP PXOWL�OHYHO
TXDQWL]DWLRQ FKDUDFWHULVWLF DQG D WZR�OHYHO TXDQWL]DWLRQ RI DQ LQSXW VLJQDO [� 7KH TXDQWL]HG VLJQDO

)LJXUH ��� D� $Q H[DPSOH RI D XQLIRUP PXOWLOHYHO TXDQWL]DWLRQ FKDUDFWHULVWLF WKDW LV UHSUHVHQWHG E\
OLQHDU JDLQ * DQG HUURU H� E� )RU WZR�OHYHO TXDQWL]DWLRQ WKH JDLQ LV DUELWUDU\� �$GDSWHG IURP >��@��

LV \  *[ � H� ZKHUH * LV WKH JDLQ� [ LV WKH LQSXW VLJQDO� DQG H LV WKH TXDQWL]DWLRQ HUURU� ,Q WKH
WZR�OHYHO TXDQWL]HU WKH JDLQ * LV DUELWUDU\� ,I WKH TXDQWL]DWLRQ HUURU KDV HTXDO SUREDELOLW\ RI O\LQJ
DQ\ZKHUH LQ WKH UDQJH hTV �� WKH PHDQ VTXDUH TXDQWL]DWLRQ QRLVH SRZHU LV
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,I D RQH�VLGHG UHSUHVHQWDWLRQ RI IUHTXHQFLHV LV HPSOR\HG ZKHUH DOO SRZHU OLHV � � I � �� DQG WKH
TXDQWL]HG VLJQDO LV VDPSOHG DW IV  � 7 � DOO WKH TXDQWL]DWLRQ QRLVH IROGV LQWR � � I � IV �� 7KH
VSHFWUDO GHQVLW\ RI WKH VDPSOHG QRLVH LV WKHQ
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,I DQ RYHUVDPSOLQJ UDWLR �265� LV GHnQHG DV
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6DPSOLQJ )UHTXHQF\

1\TXLVW 5DWH
����

ZKHUH I� LV WKH KLJKHVW IUHTXHQF\ FRPSRQHQW RI LQWHUHVW �� � I � I��� WKH QRLVH SRZHU IDOOLQJ LQWR
WKH VLJQDO EDQG
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7KHUHIRUH� RYHUVDPSOLQJ UHGXFHV WKH LQ�EDQG UPV TXDQWL]DWLRQ QRLVH YROWDJH Q� E\ WKH VTXDUH URRW
RI WKH RYHUVDPSOLQJ UDWLR� 7KDW LV� HDFK GRXEOLQJ RI WKH VDPSOLQJ IUHTXHQF\ GHFUHDVHV WKH LQ�EDQG
QRLVH E\ � G% �LQFUHDVLQJ WKH UHVROXWLRQ E\ ��� /6%��
)LJXUH �� RQ WKH QH[W SDJH VKRZV WKH VSHFWUXP IRU H�TQV �oDW� DQG LOOXVWUDWHV ZKDW KDSSHQV WR WKH

LQEDQG TXDQWL]DWLRQ QRLVH SRZHU ZKHQ WKH VLJQDO LV RYHUVDPSOHG� )LJXUH ��D VKRZV WKH QRUPDOL]HG
LQEDQG TXDQWL]DWLRQ QRLVH SRZHU IRU � � I � IV � �H

�

TQV  �� ZKHUH WKH VLJQDO LV VDPSOHG DW WKH
1\TXLVW UDWH� ,Q )LJ� ��E WKH VLJQDO LV RYHUVDPSOHG E\ D IDFWRU RI � UHGXFLQJ WKH LQEDQG TXDQWL]DWLRQ
QRLVH SRZHU WR H�TQV  � ��

� 3XWWLQJ WKH RYHUVDPSOHG VLJQDO WKURXJK D /3) ZLWK D � G% EDQGZLGWK
RI IV �� WKH TXDQWL]DWLRQ QRLVH GHQVLW\ ZLWKLQ WKH VLJQDO EDQG LV UHGXFHG E\ D IDFWRU RI ��
7KH VLJQDO�WR�QRLVH UDWLR �615� IRU DQ Q�ELW V\VWHP ZLWK EDQGZLGWK IVLJ FDQ EH H[SUHVVHG DV >��@

615  �Qb�
S
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V
IV

IVLJ
����

ZKHUH IV LV WKH VDPSOLQJ IUHTXHQF\� ,Q G%� ZH KDYH

615  ����Qb ���� � �� ORJ
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IV
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,I� IRU H[DPSOH� D IRXU�WLPHV RYHUVDPSOHG V\VWHP LV FRQVLGHUHG� WKHQ IV IVLJ  � DQG

615  �Q� ������ � ���� G% � ����

7KDW LV� WKH 615 LQFUHDVHV E\ � G% RU ��ELW DV H[SHFWHG�

����� )LUVW�RUGHU hc 0RGXODWRU

7KH HpFLHQF\ RI WKH RYHUVDPSOLQJ RSHUDWLRQ FDQ EH LQFUHDVHG E\ LQFOXGLQJ DQ DQDORJ QRLVH VKDSLQJ
nOWHU +�V� LQ D VLQJOH IHHGEDFN ORRS� $ EORFN GLDJUDP RI D JHQHUDO nUVW�RUGHU hc FRQnJXUDWLRQ LV
VKRZQ LQ )LJXUH �� RQ SDJH ��� 7KH RXWSXW RI WKH DQDORJ QRLVH VKDSLQJ nOWHU+�V� LV TXDQWL]HG E\
DQ DQDORJ�WR�GLJLWDO �$�'� FRQYHUWHU ZLWK Q w � ELWV� 7KH TXDQWL]HG RXWSXW IURP WKH $�' LV IHG
EDFN WR D Q�ELW GLJLWDO�WR�DQDORJ �'�$� FRQYHUWHU WR EH VXEWUDFWHG Rm IURP WKH LQSXW VLJQDO� 7KLV
IHHGEDFN ORRS IRUFHV WKH DYHUDJH YDOXH RI WKH TXDQWL]HG VLJQDO \L WR WUDFN WKH LQSXW VLJQDO�
7KH UHVSRQVH RI D nUVW�RUGHU hc WKDW XVHV D PXOWL�OHYHO $�' LV VKRZQ LQ )LJ� �� RQ SDJH �� >��@�

$OVR VKRZQ LV WKH LQSXW VLJQDO UDPS� 7KH VTXDUH ZDYHV� ZLWK WKHLU YDULRXV GXW\ F\FOHV �OLPLW F\FOHV�
DUH UHSUHVHQWDWLYH RI WKH TXDQWL]HG RXWSXW� 1RWH WKDW WKH ZLGWK RI WKH WRS DQG ERWWRP SRUWLRQV RI
WKH VTXDUH ZDYH �GXW\ F\FOH� LQGLFDWH ZKHUH WKH LQSXW VLJQDO OLHV� )RU H[DPSOH� ZKHQ WKH LQSXW OLHV
DW WKH FHQWHU RI WKH OLPLW F\FOHV� WKH ZLGWK RI WKH VTXDUH ZDYH DW WKH WRS DQG ERWWRP DUH HTXDO ����
GXW\ F\FOH��

�
1RWH WKH VDPSOLQJ RSHUDWLRQ LQWURGXFHV UHSOLFDV RI WKH IUHTXHQF\ VSHFWUD DW PXOWLSOHV RI WKH VDPSOLQJ IUHTXHQF\�
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)LJXUH ��� ,Q�EDQG TXDQWL]DWLRQ QRLVH SRZHU GHQVLW\ ZLWK D� 1\TXLVW VDPSOLQJ� E� RYHUVDPSOLQJ

IDFWRU RI �� DQG F� RXWSXW RI D /3) ZLWK � G% EDQGZLGWK RI IV ��
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)LJXUH ��� %ORFN GLDJUDP RI D JHQHUDO nUVW�RUGHU h0 FRQnJXUDWLRQ�

)LJXUH ��� 5HVSRQVH RI D nUVW�RUGHU PXOWLOHYHO hc >��@�
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7KH nUVW�RUGHU hc FRQnJXUDWLRQ LQ )LJ� �� LV GLpFXOW WR DQDO\]H GXH WR WKH QRQOLQHDU $�'
FRPSRQHQW� :LWK D VDPSOHG GDWD QRLVH PRGHO� WKH $�' FRPSRQHQW LV UHPRYHG DQG LV UHSODFHG E\
WKH DGGLWLRQ RI WKH FRUUHVSRQGLQJ TXDQWL]DWLRQ HUURU� 7KH QRLVH VKDSLQJ nOWHU LV DOVR UHSODFHG E\ WKH
VDPSOHG GDWD HTXLYDOHQW +�]�� 7KH FRUUHVSRQGLQJ nUVW�RUGHU VDPSOHG GDWD QRLVH PRGHO LV VKRZQ LQ
)LJ� ��� 7KH VLJQDO WUDQVIHU IXQFWLRQ �[L WR \L� LV >��@

)LJXUH ��� )LUVW�RUGHU VDPSOHG GDWD QRLVH PRGHO�

67)  
+�]�

� �+�]�
� ����

7KH 67) LV GHVLJQHG WR KDYH D oDW UHVSRQVH LQ WKH VLJQDO EDQG� 7KH QRLVH WUDQVIHU IXQFWLRQ �HL� WR
\L� LV

17)  
�

� �+�]�
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7KH 17) LV GHVLJQHG WR KDYH D KLJK DWWHQXDWLRQ LQ WKH VLJQDO EDQG� 7KH= WUDQVIRUP RI WKH TXDQWL]HG
RXWSXW VLJQDO LV WKHQ
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7KH SRZHU VSHFWUXP RI WKH ZKLWH TXDQWL]DWLRQ QRLVH HL LV >��@

;QQ�I�  5QQ �]�M] HM�{I� IV ����

ZKHUH 5QQ�]� LV WKH ]�WUDQVIRUP = IUHH�N�J ZKHUH UHH�N� LV WKH DXWRFRUUHODWLRQ RI WKH QRLVH HL� )URP
OLQHDU V\VWHPV WKHRU\

5QQ�]�  H
�

TQV17) �]�17) �]b�� � ����

$V DQ H[DPSOH� D nUVW�RUGHU VDPSOHG GDWD hc PRGXODWRU XVLQJ D VLQJOH GHOD\ DFFXPXODWRU IRU+�]�
LV VKRZQ LQ )LJ� �� RQ WKH IDFLQJ SDJH� 7KH DFFXPXODWRU RXWSXW LV

ZL  [Lb� b HLb� ����

DQG WKH TXDQWL]HG VLJQDO LV WKHQ
\L  [Lb� � �HL b HLb�� � ����
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)LJXUH ��� 6DPSOHG GDWD nUVW�RUGHU ch PRGXODWRU XVLQJ D VLQJOH GHOD\ DFFXPXODWRU�

1RWH WKDW WKLV DUFKLWHFWXUH GLmHUHQWLDWHV WKH TXDQWL]DWLRQ HUURU �PRGXODWLRQ QRLVH� ZKLOH WKH LQSXW

VLJQDO [Lb� LV XQFKDQJHG� 7KH VLJQDO DQG QRLVH WUDQVIHU IXQFWLRQV IRU WKH nUVW�RUGHU hc VKRZQ LQ

)LJ� �� DUH

67) �]�  ]b� ����

DQG

17) �]�  ��b ]b�� � ����

7KH SRZHU VSHFWUXP RI WKH RXWSXW TXDQWL]DWLRQ QRLVH LV WKHQ
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�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

)LJXUH ��� 506 VSHFWUDO GHQVLW\� �$GDSWHG IURP 5HI� >��@��



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

7KLV UHVXOW LQGLFDWHV WKDW HDFK GRXEOLQJ RI WKH 265 UHGXFHV WKH QRLVH E\ � G% ����� ELWV H[WUD

UHVROXWLRQ�� 7KH 506 VSHFWUDO GHQVLW\ VKRZQ LQ )LJ� �� RQ WKH IDFLQJ SDJH VKRZV WKH EHKDYLRU RI

WKH 67) DQG WKH 17) nOWHU IXQFWLRQV� 1RWH WKH TXDQWL]DWLRQ HUURU UHPDLQV oDW XS WR IV ��

)LJXUH �� RQ WKH QH[W SDJH VKRZV D nUVW�RUGHU VLQJOH�ELW h0� $ EORFN GLDJUDP LV VKRZQ LQ )LJ� ��D�

,Q WKLV FRQnJXUDWLRQ� WKH $�' LV UHSODFHG E\ D VLQJOH FRPSDUDWRU ZLWK PDWFKLQJ WKUHVKROG YROWDJH

97 � $ TXDQWL]HU ZLWK RQO\ WZR OHYHOV hTV � LV HPSOR\HG VR DV WR DYRLG WKH KDUPRQLF GLVWRUWLRQ
JHQHUDWHG E\ VWHS�VL]H PLVPDWFK LQ PXOWL�ELW TXDQWL]HUV >��@� )LJXUH ��E VKRZV WKH FRPSDUDWRU

RXWSXW DQG WKH VDPSOHG LQSXW� )LJXUH ��F VKRZV WKH RXWSXW RI WKH DFFXPXODWRU VWDJH >��@ RXWSXW�

����� 6HFRQG 2UGHU ch 0RGXODWRU

7KH EORFN GLDJUDP RI D VHFRQG�RUGHU VDPSOHG GDWD hc0 LV VKRZQ LQ )LJ� ��� ,Q WKLV FRQnJXUDWLRQ

WZR DFFXPXODWRUV DUH XVHG� 7KH VHFRQG DFFXPXODWRU �EHIRUH WKH TXDQWL]HU� PXVW KDYH WKH GHOD\ LQ

WKH IHHGIRUZDUG SDWK IRU VWDELOLW\� 7KH RXWSXW RI WKLV DUFKLWHFWXUH LV

\L  [Lb� � �HL b �HLb� � HLb�� ����

DQG WKH QRLVH WUDQVIHU IXQFWLRQ LV

17)  
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7KH SRZHU VSHFWUXP RI WKH RXWSXW TXDQWL]DWLRQ QRLVH LV
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7KDW LV� WKH QRLVH IDOOV �� G% IRU HYHU\ GRXEOLQJ RI WKH VDPSOLQJ IUHTXHQF\ ����� H[WUD ELWV��

,Q )LJ� ��D D VLQJOH ELW VHFRQG RUGHU DUFKLWHFWXUH LV VKRZQ DQG LQ )LJ� ��E WKH FRPSDUDWRU RXWSXW

IRU WKLV V\VWHP DUH VKRZQ DORQJ ZLWK WKH LQSXW VLJQDO >��@� 7KH DFFXPXODWRU RXWSXWV DUH VKRZQ LQ

)LJ� ��F� 1RWH KRZ WKH OLPLW F\FOHV DUH PXFK EHWWHU EHKDYHG FRPSDUHG WR WKH nUVW�RUGHU V\VWHP�

����� / 6WDEOH /RRSV

,Q JHQHUDO� IRU / VWDEOH ORRSV
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�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV
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)LJXUH ��� )LUVW�RUGHU VLQJOH�ELW hc VKRZLQJ �D� EORFN GLDJUDP� �E� FRPSDUDWRU RXWSXW� DQG �F�

DFFXPXODWRU RXWSXW�



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

)LJXUH ��� %ORFN GLDJUDP RI D VHFRQG�RUGHU DOO�HOHFWURQLF hc0�

�D�

�E� �F�

)LJXUH ��� 6HFRQG�RUGHU VLQJOH�ELW hc VKRZLQJ �D� EORFN GLDJUDP� �E� FRPSDUDWRU RXWSXW� DQG �F�

DFFXPXODWRU RXWSXW�



�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

7DEOH �� hc 5HVROXWLRQ 6XPPDU\ IRU 265  ��

615 $GGHG

265  � ,QFUHDVHG %\� 5HVROXWLRQ

2YHUVDPSOLQJ � G% ��� /6%

)LUVW�RUGHU � G% ��� /6%

6HFRQG�RUGHU �� G% ��� /6%

/�RUGHU ���/� �� / � ��� /6%

DQG WKH QRLVH IDOOV ���/ � �� G% IRU HYHU\ GRXEOLQJ RI WKH VDPSOLQJ UDWH �/ � � � H[WUD ELWV� >��@�
7KH FLUFXLWV IRU WKHVH KLJKHU�RUGHU PRGXODWRUV� KRZHYHU� DUH GLpFXOW WR VWDELOL]H�
$ VXPPDU\ RI WKHVH UHVXOWV LV VKRZQ LQ 7DEOH �� ,Q )LJ� ��� WKH 506 QRLVH DV D IXQFWLRQ RI WKH

RYHUVDPSOLQJ UDWLR IRU /  �� �� � DQG � LV VKRZQ� 1RWH WKDW ZKHQ � � 265 � �� WKH 615 IRU WKH
/  � FDVH LV EHWWHU�

)LJXUH ��� 506 QRLVH WKDW HQWHUV WKH VLJQDO EDQG >��@�

%HIRUH LQWURGXFLQJ WKH LQWHJUDWHG RSWLFDO hc PRGXODWRU GHVLJQV� D PRUH JHQHUDO EORFN GLDJUDP
RI D VHFRQG�RUGHU VLQJOH�ELW hc LV VKRZQ LQ )LJ� �� RQ WKH IDFLQJ SDJH� +HUH WKH DFFXPXODWRUV+�

DQG +� FRQWDLQ JDLQ YDULDEOHV $ DQG & DQG OHDNDJH YDULDEOHV % DQG '� 6PDOO GHYLDWLRQV �IURP
XQLW\� LQ WKH JDLQ YDULDEOHV $ DQG % KDYH OLWWOH HmHFW RQ WKH RYHUDOO SHUIRUPDQFH RI WKH hc0V� 7KH
'& JDLQ RI WKH VHFRQG DFFXPXODWRU LV+����  � �b'� ,I WKH '& JDLQ RI WKH DFFXPXODWRU LV DW OHDVW
HTXDO WR WKH 265 WKH LQFUHDVH LQ WKH EDVHEDQG QRLVH LV OHVV WKDQ ��� G% >��@� 7KH FRUUHVSRQGLQJ



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

WUDQVIHU IXQFWLRQV DUH

+��]�  
$

�b%]b�
+��]�  

&]b�

�b']b�
����

7KLV JHQHUDO IRUP ZLOO EH XVHIXO ZKHQ GLVFXVVLQJ WKH RSWLFDO hc0 GHVLJQV LQ WKH QH[W VHFWLRQ�

)LJXUH ��� %ORFN GLDJUDP RI D VHFRQG�RUGHU hc PRGXODWRU ZLWK YDULDEOH JDLQ DFFXPXODWRUV�

��� ,QWHJUDWHG 2SWLFDO hc0 'HVLJQ

����� )LUVW�2UGHU ,QWHJUDWHG 2SWLFDO hc0

$ EORFN GLDJUDP RI D nUVW�RUGHU LQWHJUDWHG RSWLFDO hc PRGXODWRU LV VKRZQ LQ )LJ� ���D�� ,Q WKH
LQWHJUDWHG RSWLFDO GHVLJQ� ODVHU SXOVHV IURP D KLJK�VSHHG PRGH�ORFNHG ODVHU �6HH 3DUW ,� DUH XVHG
WR RYHUVDPSOH WKH UI VLJQDO� 7R JDLQ D EHWWHU XQGHUVWDQGLQJ RI WKH GHVLJQ� WKH LQWHJUDWHG RSWLFDO
FRPSRQHQWV DUH GHVFULEHG EHORZ DQG WKHLU IXQFWLRQDOLW\ ZLWKLQ WKH PRGXODWRU LV GHWDLOHG�

0DFK�=HKQGHU ,QWHUIHURPHWHU

7KH 0DFK�=HKQGHU LQWHUIHURPHWHUV �0=,V� DUH XVHG WR HpFLHQWO\ FRXSOH WKH ZLGHEDQG UI VLJQDO LQWR
WKH RSWLFDO GRPDLQ� 7KH\ DOVR VHUYHV WR VXEWUDFW WKH HOHFWULFDO IHHGEDFN VLJQDO IURP WKH LQSXW DQWHQQD
VLJQDO� )LJXUH �� RQ WKH QH[W SDJH VKRZV D VFKHPDWLF GLDJUDP RI DQ 0=,� 7KH LQSXW SXOVH LV VSOLW
LQWR HTXDO FRPSRQHQWV� HDFK RI ZKLFK SURSDJDWHV RYHU RQH DUP RI WKH LQWHUIHURPHWHU� ,I WKH RSWLFDO
SDWKV RI WKH WZR DUPV DUH HTXDO DQG LI QR SKDVH VKLIW LV LQWURGXFHG EHWZHHQ WKH LQWHUIHURPHWHU DUPV�
WKH WZR FRPSRQHQWV FRPELQH LQ SKDVH DW WKH RXWSXW DQG FRQWLQXH WR SURSDJDWH XQGLPLQLVKHG� )RU
WKH FXUUHQW GHVLJQ� D WKUHH�HOHFWURGH FRQnJXUDWLRQ LV XVHG WR DFKLHYH D SXVK�SXOO SKDVH FKDQJH� 7KH
SXVK�SXOO HmHFW LQFUHDVHV WKH SKDVH FKDQJH HpFLHQF\ RI WKH GHYLFH >��@� 7KLV FRQnJXUDWLRQ LV XWLOL]HG
WR VXEWUDFW WKH FRPSDUDWRU IHHGEDFN VLJQDO IURP WKH DSSOLHG UI LQSXW YROWDJH� 7R WDNH DGYDQWDJH RI
WKLV SXVK�SXOO FRQnJXUDWLRQ� WKH IHHGEDFN YROWDJH SRODULW\ IURP WKH FRPSDUDWRU PXVW EH UHYHUVHG�
7KH WUDQVIHU IXQFWLRQ RI WKH 0=, FDQ EH H[SUHVVHG DV >��@

,RXW  ,LQ

|
�

�
�
�

�
FRV >c��y� � t@

}
����

ZKHUH ,LQ DQG ,RXW DUH WKH LQSXW DQG RXWSXW OLJKW LQWHQVLW\� UHVSHFWLYHO\� DQG

c��y�  
�{Q�

H
Ub/Ly

*w
����

LV WKH YROWDJH�GHSHQGHQW SKDVH VKLIW DQG LV D IXQFWLRQ RI WKH HmHFWLYH LQGH[ RI WKH RSWLFDO JXLGH
QH� WKH SHUWLQHQW HOHFWUR�RSWLF FRHpFLHQW U� WKH LQWHU HOHFWURGH JDS *� WKH HOHFWULFDO�RSWLFDO RYHUODS



�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV
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)LJXUH ��� )LUVW�RUGHU LQWHJUDWHG RSWLFDO hc0� �D� %ORFN GLDJUDP��E� WKH FRPSDUDWRU RXWSXW� DQG

�F� WKH FRPSDUDWRU LQSXW XVLQJ LGHDO +���

)LJXUH ��� 6FKHPDWLF GLDJUDP RI D 0=, LQ D SXVK�SXOO FRQnJXUDWLRQ�



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

SDUDPHWHU b� DQG WKH IUHH�VSDFH RSWLFDO ZDYHOHQJWK w� 7KH PRGXODWLRQ YROWDJH� y  9UIb9)%� VHUYHV
WR VXEWUDFW WKH IHHGEDFN YROWDJH 9)% IURP WKH DQWHQQD UI YROWDJH 9UI �
,Q WKH nUVW�RUGHU hc0� WZR LQWHUIHURPHWHUV DUH XVHG WR FRXSOH WKH UI VLJQDO� 2QH LQWHUIHURPHWHU

SURYLGHV WKH PDJQLWXGH WR EH DFFXPXODWHG� 7KH RWKHU LQWHUIHURPHWHU LV XVHG WR GHWHUPLQH WKH
GLUHFWLRQ RI DFFXPXODWLRQ �DFFXPXODWH XS RU DFFXPXODWH GRZQ�� )LJXUH �� SORWV WKH WUDQVIHU IXQFWLRQV
IRU ERWK LQWHUIHURPHWHUV� %RWK 0=,V PDS WKH LQSXW VLJQDO WR D QRUPDOL]HG RXWSXW LQWHQVLW\ EHWZHHQ
� DQG � �OLJKW LQWHQVLW\ FDQQRW EH QHJDWLYH�� 7KH WUDQVIHU IXQFWLRQV DUH WKH VDPH H[FHSW IRU WKH
GF ELDV YROWDJH UHVXOWLQJ LQ WKH SKDVH VKLIW t� )RU WKH 0=, JHQHUDWLQJ WKH PDJQLWXGH RI WKH VLJQDO�
t  {� )RU WKH 0=, FRQWUROOLQJ WKH GLUHFWLRQ RI DFFXPXODWLRQ� t  b{ ��

)LJXUH ��� 7UDQVIHU IXQFWLRQV IRU WKH 0=,V�

)URP WKH WUDQVIHU IXQFWLRQV� WKH RXWSXW YDOXHV IURP WKHPDJQLWXGH 0=, UDQJH IURP � WR ��� IRU
LQSXW VLJQDO EHWZHHQ �� YROWV DQG b� YROWV DQG DUH V\PPHWULF DERXW WKH LQSXW YDOXH RI ]HUR� 7KH
QRUPDOL]HG FRPSDUDWRU WKUHVKROG YROWDJH IRU WKH GLUHFWLRQ FLUFXLW LV QRUPDOL]HG DW 97  ��� 9� 7KH
GHWHFWHG LQWHQVLW\ IURP WKH GLUHFWLRQ 0=, LV FRPSDUHG WR WKH QRUPDOL]HG WKUHVKROG WR GHWHUPLQH
ZKHWKHU WKH LQWHQVLW\ IURP WKH PDJQLWXGH 0=, VKRXOG DFFXPXODWH XS RU GRZQ� 7KH DFFXPXODWRU
FRPSDUDWRU YROWDJH SRODULW\ LV XVHG WR GLUHFW WKH nEHU ODWWLFH GLUHFWLRQ RI DFFXPXODWLRQ� 7KH UHFLU�
FXODWLQJ nEHU ODWWLFH VWUXFWXUH DFFXPXODWHV GRZQZDUG LI WKH RXWSXW RI WKH GLUHFWLRQ LQWHUIHURPHWHU
LV OHVV WKDQ ��� DQG XSZDUG IRU YDOXHV JUHDWHU WKDQ ���� 7KXV WKH GLUHFWLRQ LQWHUIHURPHWHU� GHWHFWRU�
FRPSDUDWRU� DQG RSWLFDO nEHU ODWWLFH nOWHU VWUXFWXUH VHUYH WR IXQFWLRQ DV DQ DFFXPXODWRU�
,Q DSSO\LQJ RSWLFDO LQWHJUDWHG FRPSRQHQWV WR D hc DUFKLWHFWXUH WKH nUVW�RUGHU PRGHO LV VLPXODWHG�

$ FRPSXWHU VLPXODWLRQ RI WKH WUDQVIHU IXQFWLRQ LV VKRZQ LQ )LJ� ���E� XVLQJ WKH LQWHUIHURPHWHU
PRGHO >��@� 7KH DFFXPXODWRU+�� LV PRGHOHG DV DQ LGHDO DFFXPXODWRU� 7KH VLPXODWLRQ GHPRQVWUDWHV
WKH GLmHUHQFH LQ WKH DFFXPXODWRU LQSXWV ZKHQ XVLQJ D 0DFK�=HKQGHU LQWHUIHURPHWHU LV XVHG WR FRXSOH
WKH DQWHQQD YROWDJH DQG WKH IHHGEDFN VLJQDOV�

����� 6HFRQG�2UGHU hc0

7KH EORFN GLDJUDP IRU D VHFRQG�RUGHU LQWHJUDWHG RSWLFDO hc0 LV VKRZQ LQ )LJ� �� RQ WKH QH[W SDJH�
$JDLQ� WKH WZR DFFXPXODWRUV DUH PRGHOHG DV LGHDO >��@� 6LPXODWLRQ UHVXOWV IRU WKH VHFRQG�RUGHU
LQWHJUDWHG RSWLFDO hc0 DUH SORWWHG LQ )LJ� ��E IRU ��� VDPSOHG�GDWD YDOXHV� 7KH DYHUDJH YDOXH RI



�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV
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)LJXUH ��� 6HFRQG�RUGHU LQWHJUDWHG RSWLFDO hc0� �D� %ORFN GLDJUDP� �E� VLPXODWLRQ UHVXOWV ZLWK

LGHDO +�� DQG +�� DQG �F� LQWHUPHGLDWH VLJQDOV DW LQSXWV WR 0DJQLWXGH 0=,V�



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

WKH TXDQWL]HU RXWSXW FDQ EH VHHQ WR WUDFN WKH DYHUDJH YDOXH RI WKH UDPSHG LQSXW� VLPLODU WR WKDW

VKRZQ LQ )LJ� �� RQ SDJH ��� 7KH RXWSXW RI WKH LQWHUIHURPHWHU FDQ EH VHHQ WR RVFLOODWH DERXW WKH
UDPSHG LQSXW� )LJXUH ��F SORWV WKH LQWHUPHGLDWH VLJQDO YDOXHV DW WKH LQSXW RI WKH PDJQLWXGH 0=,V

LQ WKH DFFXPXODWRU VWDJHV� 7KHVH UHVXOWV FRPSDUH IDYRUDEO\ WR WKRVH RI WKH DOO�HOHFWURQLF GHVLJQ

DQG GHPRQVWUDWH WKH IHDVLELOLW\ RI XVLQJ WKH 0DFK�=HKQGHU LQWHUIHURPHWHU WR VXEWUDFW WKH IHHGEDFN
VLJQDO IURP WKH DQWHQQD YROWDJH� ,Q WKH QH[W VHFWLRQ� DQ LQYHVWLJDWLRQ LQWR XVLQJ nEHU ODWWLFH nOWHU

VWUXFWXUHV WR IXQFWLRQ DV DFFXPXODWRUV ZLWKLQ WKH LQWHJUDWHG RSWLFDO hc0 LV GHVFULEHG�

��� )LEHU /DWWLFH 6WUXFWXUHV

,Q WKLV VHFWLRQ� WKH RSWLFDO nEHU ODWWLFH DFFXPXODWRUV WKDW DUH XVHG LQ WKH LQWHJUDWHG RSWLFDO hc0
DUH H[DPLQHG LQ PRUH GHWDLO� 0RGHOV DUH GHVLJQHG DQG WHVWHG� 7KH DFFXPXODWRU PRGHOV DUH WKHQ

XVHG ZLWKLQ WKH RSWLFDO hc0 WR LQYHVWLJDWH WKH SHUIRUPDQFH� >��@

����� 7UDQVIHU )XQFWLRQV

)LEHU RSWLF VLJQDO SURFHVVLQJ GHYLFHV FDQ EH FRQVWUXFWHG WR SHUIRUP YDULRXV IXQFWLRQV� LQFOXGLQJ

FRQYROXWLRQ� FRUUHODWLRQ� PDWUL[ RSHUDWLRQV� IUHTXHQF\ nOWHULQJ� SXOVH WUDLQ JHQHUDWLRQ� DQG PDWFKHG
nOWHULQJ� )LEHU ODWWLFH VWUXFWXUHV GHVFULEHG DQG XVHG LQ WKLV UHSRUW GHSHQG RQ WKH WLPH�GRPDLQ PDWUL[

PXOWLSOLFDWLRQ FDSDELOLW\� $ nEHU ODWWLFH VWUXFWXUH FDQ EH FRQVWUXFWHG ZLWK D SDLU RI YROWDJH�FRQWUROOHG
GLUHFWLRQDO FRXSOHUV� DQG LQWUD�FRXSOHU VLQJOH�PRGH RSWLFDO nEHU� $ WZR�VWDWH RSWLFDO DPSOLnHU LV

DGGHG LQ WKH IHHGEDFN WR HQDEOH WKH DFFXPXODWLRQ� 7KH XVH RI RSWLFDO DPSOLnHUV LQ nEHU GHOD\ OLQH

nOWHUV SURYLGHV DQ HQKDQFHG oH[LELOLW\ DQG KDYH UHFHQWO\ JDLQHG FRQVLGHUDEOH DWWHQWLRQ >��� ��@�
7KH JHQHUDO IRUP RI WKH nEHU ODWWLFH VWUXFWXUH LV VKRZQ LQ )LJ� ��� 7KH LQSXWV DUH;� DQG ;��

WKH RXWSXWV DUH <� DQG <�� 7KH EORFNV D� DQG D� DUH WKH GLUHFWLRQDO FRXSOHUV� 7KH OLQHV FRQQHFWLQJ

WKH LQSXW DQG RXWSXW WR WKH GLUHFWLRQDO FRXSOHUV DUH RSWLFDO nEHU� 7KH JDLQ EORFN* UHSUHVHQWV DQ
RSWLFDO nEHU DPSOLnHU� $ IHHGEDFN GHOD\ LV UHSUHVHQWHG E\ WKH ]b� EORFN� $OWKRXJK ERWK ;� DQG

;� DUH LQSXWV� WKH\ DUH QRW XVHG VLPXOWDQHRXVO\� /LNHZLVH� RQO\ RQH RXWSXW LV XVHG IRU D SDUWLFXODU
LQSXW� 7KH WUDQVIHU IXQFWLRQV IURP HLWKHU LQSXW SRUW WR HLWKHU RXWSXW SRUW DUH NQRZQ� 7KH WUDQVIHU

IXQFWLRQV RI LQWHUHVW KHUH DUH WKRVH IURP WKH LQSXW ;� WR RXWSXW <� DQG IURP LQSXW ;� WR RXWSXW

<��

)LJXUH ��� *HQHUDO nEHU ODWWLFH VWUXFWXUH�



�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

7KH WUDQVIHU IXQFWLRQ IURP ;� WR <� LV GHVLJQDWHG +���]� >��� ��@� 7KH VSHFLnF nEHU ODWWLFH
VWUXFWXUH IRU +���]� LV VKRZQ LQ )LJ� ��� 7KH LQSXW VLJQDO� ;�� LV LQVHUWHG LQWR $ RI GLUHFWLRQDO
FRXSOHU D�� 7KH HQHUJ\ HQWHULQJ WKH GLUHFWLRQDO FRXSOHU HLWKHU FRXSOHV WR WKH DGMDFHQW ZDYHJXLGH
�'�� UHPDLQV LQ WKH RULJLQDO ZDYHJXLGH �&�� RU FRPELQHV ZLWK WKH HQHUJ\ IURP WKH IHHGEDFN DV
GHWHUPLQHG E\ WKH FRXSOLQJ UDWLR RI GLUHFWLRQDO FRXSOHU D�� (QHUJ\ LV LQHYLWDEO\ ORVW WR ' ZLWK
WKH +���=� nEHU ODWWLFH VWUXFWXUH� $Q H[DPSOH ZLOO LOOXVWUDWH WKLV IDFW� ,I D FRXSOLQJ UDWLR RI � �D
EDU�VWDWH� LV XVHG LQ RUGHU WR DYRLG DQ\ HQHUJ\ IURP $ WUDQVIHUULQJ WR '� WKH VDPH FRXSOLQJ UDWLR
ZLOO DSSO\ WR HQHUJ\ DUULYLQJ DW %� &RQVHTXHQWO\� DOO HQHUJ\ DW % ZLOO WUDQVIHU WR '�

)LJXUH ��� +���]� nEHU ODWWLFH VWUXFWXUH�

(QHUJ\ IURP % �FURVV�VWDWH� DQG $ �EDU�VWDWH� DGG FRKHUHQWO\ EHIRUH DUULYLQJ DW &� 8SRQ HQWHULQJ
& RI GLUHFWLRQDO FRXSOHU D�� HQHUJ\ ZLOO EH GLYLGHG DFFRUGLQJ WR WKH FRXSOLQJ UDWLR RI WKDW GLUHFWLRQDO
FRXSOHU� (QHUJ\ WKDW LV LQ EDU�VWDWH ZLOO DUULYH DW WKH RXWSXW �(�� &URVV�VWDWH HQHUJ\ ZLOO FRXSOH
WR WKH DGMDFHQW ZDYHJXLGH DQG DUULYH DW )� 7KLV HQHUJ\ ZLOO XQGHUJR ERWK RSWLFDO JDLQ DQG GHOD\�
7KH RSWLFDO JDLQ LV SHUIRUPHG ZLWK HLWKHU D GRSHG nEHU ZLWK DQ RSWLFDO SXPS RU D VHPLFRQGXFWRU
ODVHU DPSOLnHU� 7KH GHOD\ LV GHSHQGHQW RQ WKH SHULRG RI WKH SXOVHG ODVHU XVHG IRU VDPSOLQJ� $
RQH�SHULRG GHOD\ ZDV XVHG LQ WKH WHVWLQJ VHFWLRQ �DV WKH VDPSOLQJ IUHTXHQF\ LQFUHDVHV� WKH OHQJWK RI
nEHU QHFHVVDU\ IRU D RQH SHULRG GHOD\ LV VKRUWHU�� )LQDOO\� WKLV HQHUJ\ UHWXUQV WR %�
0DVRQ
V JDLQ UXOH DQG EORFN GLDJUDP VLPSOLnFDWLRQ JHQHUDWHV WKH WUDQVIHU IXQFWLRQ+���]� DQG

LV GHSLFWHG LQ )LJ� �� RQ WKH QH[W SDJH �WKH LQSXW DQG RXWSXW DUH GRXEOH EORFNHG LQ WKLV nJXUH��
7KH � b D� DQG � b D� EORFNV UHSUHVHQW WKH EDU�VWDWHV� ZKLOH WKH D� DQG WKH D� EORFNV UHSUHVHQW
WKH FURVV�VWDWH RU FRXSOLQJ UDWLR� 7KH HQHUJ\ ORVW WR ' LV QRW VKRZQ WR DYRLG FOXWWHU� 7KH WUDQVIHU
IXQFWLRQ LV

+���]�  
��b D����b D��

�b D�D�*]b�
� ����

7KDW LV� WKH +���]� nEHU ODWWLFH VWUXFWXUH LV D nUVW�RUGHU DOO�SROH V\VWHP DQG KDV RQH ]HUR DW WKH
RULJLQ DQG RQH SROH DW ]  D�D�*� 7KLV nEHU ODWWLFH VWUXFWXUH LV VWDEOH DV ORQJ DV WKH SROH UHPDLQV
LQVLGH WKH XQLW FLUFOH� 7KLV LV DVVXUHG ZKHQ D�D�* � �� 6LQFH ERWK D� DQG D� DUH UDWLRV DQG WKHUHIRUH
DUH OHVV WKDQ �� WKH SROH ZLOO UHPDLQ LQVLGH WKH XQLW FLUFOH ZKHQ * � � D�D�� $GGLWLRQDOO\� WKH JDLQ
RI WKH RSWLFDO DPSOLnHU * ! �� 7KHVH WZR OLPLWV VHUYH DV D FKHFN RI WKH UHVXOWV REWDLQHG LQ WKH
WHVWLQJ VHFWLRQ� 2QH REVHUYDWLRQ VXSSRUWHG ODWHU E\ WHVWLQJ UHVXOWV LV WKDW WKH FRXSOLQJ FRHpFLHQWV
DUH LQWHUFKDQJHDEOH LQ +���
7KH WUDQVIHU IXQFWLRQ IURP ;� WR <� LV GHVLJQDWHG +���]� DQG KDV WKH GHOD\ DQG WKH DPSOLnHU

LQ WKH IHHGIRUZDUG SDWK �VHH )LJ� YUHII��� 7KH VSHFLnF nEHU ODWWLFH VWUXFWXUH IRU+���]� LV VKRZQ LQ
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)LJXUH ��� *HQHUDWLRQ RI +���]� nEHU ODWWLFH VWUXFWXUH�
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)LJ� ��� 7KH LQSXW VLJQDO LV LQVHUWHG LQWR GLUHFWLRQDO FRXSOHU D� DW $� &URVV�VWDWH HQHUJ\ LV ORVW WR %
�VLPLODU WR WKDW ORVW WR ' RI )LJ� �� RQ SDJH ��+���]��� %DU�VWDWH HQHUJ\ LV VXPPHG ZLWK FURVV�VWDWH
HQHUJ\ IURP ) DQG DUULYHV DW & EHIRUH XQGHUJRLQJ WKH DPSOLnFDWLRQ DQG GHOD\� (QHUJ\ DUULYLQJ DW '
LV GLYLGHG DFFRUGLQJ WR WKH FRXSOLQJ UDWLR RI GLUHFWLRQDO FRXSOHU D�� %DU�VWDWH HQHUJ\ ZLOO DUULYH DW
WKH RXWSXW �(�� &URVV�VWDWH HQHUJ\ ZLOO FRXSOH WR WKH DGMDFHQW ZDYHJXLGH� DUULYH DW ) DQG FRQWLQXH
RQ WR GLUHFWLRQDO FRXSOHU D��

)LJXUH ��� +���=� nEHU ODWWLFH VWUXFWXUH�

6LPLODU WR EHIRUH� WKH +���]� WUDQVIHU IXQFWLRQ LV JHQHUDWHG XVLQJ 0DVRQ
V JDLQ UXOH DQG EORFN
GLDJUDP VLPSOLnFDWLRQ� 7KH UHVXOW LV VKRZQ LQ )LJ� �� RQ WKH IDFLQJ SDJH� 7KH HQHUJ\ ORVW WR % LV
QRW VKRZQ WR DYRLG FOXWWHU� 7KH WUDQVIHU IXQFWLRQ LV

+���]�  
��b D����b D��*]b�

�b D�D�*]b�
� ����

7KH +���]� nEHU ODWWLFH VWUXFWXUH LV D nUVW�RUGHU SROH�]HUR V\VWHP DQG KDV WKH VDPH SROH DV WKH
+���]� nEHU ODWWLFH VWUXFWXUH EXW KDV QR ]HURV� $QRWKHU GLmHUHQFH LV WKH RSWLFDO JDLQ LQ WKH IHHG�
IRUZDUG SDWK� 7KLV UHVXOWV LQ D PRUH UDSLG DFFXPXODWLRQ DQG LV GLVFXVVHG IXUWKHU LQ WKH WHVWLQJ
VHFWLRQ� 7KH OLPLWDWLRQV RQ WKH RSWLFDO JDLQ� KHQFH WKH SROH ORFDWLRQ� DUH WKH VDPH DV EHIRUH DQG FDQ
EH VXPPDUL]HG DV � � * � � D�D�� $JDLQ� WKH FRXSOLQJ FRHpFLHQWV FDQ EH LQWHUFKDQJHG ZLWKRXW
DmHFWLQJ WKH WUDQVIHU IXQFWLRQ�

����� 7HVWLQJ RI )LEHU /DWWLFH 0RGHOV

%RWK nEHU ODWWLFH PRGHOV ZHUH GHYHORSHG ZLWK 0$7/$% 6LPXOLQN VRIWZDUH >��@� 7KH PRGHO IRU WKH
+���]� nEHU ODWWLFH VWUXFWXUH LV VKRZQ LQ )LJ� �� RQ WKH QH[W SDJH� $ PRGLnHG 6LPXOLQN PRGHO RI
WKH +���]� nEHU ODWWLFH VWUXFWXUH LV VKRZQ ODWHU� 7KH GLUHFWLRQDO FRXSOHU EORFNV LQFOXGH WKH FURVV DQG
EDU�VWDWHV VKRZQ LQ )LJ� �� RQ WKH SUHFHGLQJ SDJH� 7KH;� EORFN FRQWLQXDOO\ UHSHDWV D SURJUDPPHG
VHTXHQFH� )RU H[DPSOH� D SXOVH WUDLQ LQSXW LV VLPXODWHG ZLWK D FRQVWDQW YDOXH UHSHDWHG DW D � VDPSOH
SHU VHFRQG UDWH� 7KH IHHGEDFN GHOD\ EORFN LV YDULDEOH� EXW ZDV n[HG DW � VDPSOH SHU VHFRQG UDWH�
7KH IHHGEDFN GHOD\ EORFN LV YDULDEOH� EXW ZDV n[HG DW � VHFRQG IRU WKH WHVWV SHUIRUPHG�
7KH nUVW WHVW GHWHUPLQHV WKH UHTXLUHG RSWLFDO JDLQ LQ RUGHU IRU<� WR LQFUHDVH PRQRWRQLFDOO\ DFURVV

D UDQJH RI FRXSOLQJ UDWLRV� ,I WKH RSWLFDO JDLQ LV WRR ORZ� WKH nEHU ODWWLFH VWUXFWXUH VDWXUDWHV DQG
VHWWOHV DW D n[HG YDOXH DIWHU WKH W\SLFDO RYHUVKRRW DQG VHWWOLQJ W\SLFDOO\ DVVRFLDWHG ZLWK GDPSHG
FRQWURO V\VWHPV� ,I WKH RSWLFDO JDLQ LV WRR KLJK� WKH nEHU ODWWLFH VWUXFWXUH H[SHULHQFHV H[SRQHQWLDO
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)LJXUH ��� *HQHUDWLRQ RI +���]� nEHU ODWWLFH VWUXFWXUH�

)LJXUH ��� +���]� 6LPXOLQN PRGHO� �)URP >��@��
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JDLQ EHFDXVH WKH SROH LV RXWVLGH RI WKH XQLW FLUFOH� $Q RSWLFDO JDLQ WKDW UHVXOWV LQ D PRQRWRQLFDOO\
LQFUHDVLQJ UHVSRQVH LV LQ EHWZHHQ WKHVH WZR H[WUHPHV� $Q H[DPSOH RI DOO WKUHH YDOXHV RI* LV VKRZQ
LQ )LJ� ��� ,Q )LJ� ��� WKH GLUHFWLRQDO FRXSOHU D� ZDV SURJUDPPHG IRU D ��� FRXSOLQJ UDWLR� ZKLOH
GLUHFWLRQDO FRXSOHU D� KDG D ��� FRXSOLQJ UDWLR� $W WKHVH FRXSOLQJ UDWLRV� WKH * QHFHVVDU\ IRU D
PRQRWRQLFDOO\ LQFUHDVLQJ UHVSRQVH LV ������

)LJXUH ��� 7XQLQJ IRU PRQRWRQLFDOO\ LQFUHDVLQJ UHVSRQVH� �)URP >��@��

7KH SROH ORFDWLRQ FRUUHVSRQGLQJ WR WKLV JDLQ DQG WKHVH FRXSOLQJ UDWLRV LV D�D�*  �� $OWKRXJK D
SROH DW ]  � LV VWDEOH� DQ LQFUHDVH LQ HLWKHU FRXSOLQJ UDWLR RU LQ * ZLOO TXLFNO\ UHVXOW LQ LQVWDELOLW\�
&RQYHUVHO\� D GHFUHDVH LQ HLWKHU FRXSOLQJ UDWLR RU * ZLOO TXLFNO\ UHVXOW LQ VDWXUDWLRQ DQG VHWWOLQJ�
7KH VHQVLWLYLW\ RI WKH +���]� nEHU ODWWLFH VWUXFWXUH LV GHPRQVWUDWHG E\ WKH VPDOO GLmHUHQFH LQ *
XVHG LQ )LJ� �� IRU WKH H[SRQHQWLDOO\ LQFUHDVLQJ UHVSRQVH DQG WKH VDWXUDWHG UHVSRQVH� 7KH YDOXH RI
* LV ���� DQG ��� IRU WKH H[SRQHQWLDOO\ LQFUHDVLQJ UHVSRQVH DQG WKH VDWXUDWHG UHVSRQVH� UHVSHFWLYHO\�
6LPLODUO\� WKH SROHV IRU WKHVH UHVSRQVHV DUH DW ���� DQG ������ UHVSHFWLYHO\� 7KHVH FKDUDFWHULVWLFV KROG
IRU DOO YDOXHV RI FRXSOLQJ UDWLRV DQG * ZKHQ WKH SURGXFW D�D�* z �� 7DEOH � RQ WKH QH[W SDJH OLVWV
WKH * QHFHVVDU\ IRU D UDQJH RI D� YHUVXV D� FRXSOLQJ UDWLRV LQ RUGHU WR JHW D PRQRWRQLFDOO\ LQFUHDVLQJ
UHVSRQVH� 7KLV WDEOH LV D 7RHSOLW] PDWUL[� 7KLV PHDQV WKDW� IRU D n[HG*� WKH FRPELQDWLRQ RI D�  ;

DQG D�  < �� � ; � � DQG � � < � �� UHVXOWV LQ WKH VDPH DFFXPXODWLRQ UDWH DV D�  < DQG
D�  ;� 7KLV IDFW UHLQIRUFHV WKH HDUOLHU REVHUYDWLRQ WKDW WKH FRXSOLQJ FRHpFLHQWV LQ WKH WUDQVIHU
IXQFWLRQ DUH LQWHUFKDQJHDEOH� 7DEOH � DQG WKH FKDUDFWHULVWLFV GLVFXVVHG DERYH DSSO\ WR WKH+���]�
nEHU ODWWLFH VWUXFWXUH DOVR�
$OWKRXJK WKH RSWLFDO JDLQ QHFHVVDU\ WR GULYH HLWKHU nEHU ODWWLFH VWUXFWXUH WR D PRQRWRQLFDOO\ LQ�

FUHDVLQJ UHVSRQVH LV WKH VDPH� WKH DFFXPXODWLRQ UDWH LV GLmHUHQW� 7KH+���]� nEHU ODWWLFH VWUXFWXUH
DFFXPXODWHV IDVWHU EHFDXVH RI WKH RSWLFDO JDLQ LQ WKH IHHG�IRUZDUG SDWK� 7R FKDUDFWHUL]H WKH DFFX�
PXODWLRQ UDWHV RI HDFK nEHU ODWWLFH VWUXFWXUH� WKH VDPSOH WLPH QHFHVVDU\ WR UHDFK DQ DEVROXWH JDLQ
RI ��� ZDV PHDVXUHG� 7KH +���]� DQG +���]� nEHU ODWWLFH VWUXFWXUHV WHVWLQJ UHVXOWV DUH FRQWDLQHG
LQ 7DEOHV � DQG �� UHVSHFWLYHO\� %RWK WDEOHV DUH DJDLQ 7RHSOLW] PDWULFHV� 'DWD IURP 7DEOHV �� �� DQG
� ZHUH XVHG WR JHQHUDWH )LJV� ���D�� ���E�� DQG ���F�� UHVSHFWLYHO\�
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7DEOH �� 2SWLFDO *DLQ� 0RQRWRQLFDOO\ ,QFUHDVLQJ 5HVSRQVH� �)URP >��@��

&RXSOLQJ 5DWLR� D�

��� ��� ��� ��� ��� ��� ��� ��� ���
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��� ���� ���� ��� ���� ���� ����� ����� ����� �����

7DEOH �� +���]� $FFXPXODWLRQ 5DWH� 0RQRWRQLFDOO\ ,QFUHDVLQJ 5HVSRQVH� �)URP >��@��

&RXSOLQJ 5DWLR� D�

��� ��� ��� ��� ��� ��� ��� ��� ���

��� ���� ���� ���� ���� ���� ���� ���� ���� ����
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5DWLR ��� ���� ���� ���� ���� ���� ���� ���� ���� ����
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7DEOH �� +���]� $FFXPXODWLRQ 5DWH� 0RQRWRQLFDOO\ ,QFUHDVLQJ 5HVSRQVH� �)URP >��@��

&RXSOLQJ 5DWLR� D�
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7DEOH �� +���]� 2SWLFDO DQG ,Q�/LQH *DLQ 1HFHVVDU\ IRU 6WHDG\ 6WDWH 5HVSRQVH� �)URP >��@��

&RXSOLQJ 5DWLR� D�
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5DWLR ��� ����� ���� ����� ���� ����� ����� ����� ����� �����
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��� ����� ����� ����� ����� ����� ���� ����� ����� �����

7DEOH �� +���]� 2SWLFDO *DLQ 1HFHVVDU\ IRU 6WHDG\ $FFXPXODWLRQ 'RZQ� �)URP >��@��

&RXSOLQJ 5DWLR� D�
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$V VKRZQ LQ )LJ� ��� WKH DFFXPXODWLRQ UDWHV IRU ERWK nEHU ODWWLFH VWUXFWXUHV GHFUHDVH DV HLWKHU

FRXSOLQJ UDWLR LQFUHDVHV� 7KH UHDVRQ IRU WKLV LV DJDLQ UHODWHG WR WKH SROH ORFDWHG DW D�D�*� ,I HLWKHU

D� RU D� LQFUHDVH� WKHUH LV D SURSRUWLRQDO GHFUHDVH LQ * IRU WKLV WHVW� 6LQFH * LV ORZHU HDFK WLPH

WKURXJK WKH IHHGEDFN� WKH HQHUJ\ DUULYLQJ EDFN DW GLUHFWLRQDO FRXSOHUD� ZLOO EH SURSRUWLRQDOO\ ORZHU�

)URP WKHUH� WKH EDU�VWDWH HQHUJ\ ZLOO JR WR WKH RXWSXW IRU WKH +���]� nEHU ODWWLFH VWUXFWXUH� )RU

WKH +���]� nEHU ODWWLFH VWUXFWXUH� WKH GHFUHDVHG HQHUJ\ HQWHUV FURVV�VWDWH ZKLOH FRPELQLQJ ZLWK WKH

EDU�VWDWH LQSXW HQHUJ\� 7KLV HQHUJ\ DUULYHV DW GLUHFWLRQDO FRXSOHU D� EHIRUH HQWHULQJ EDU�VWDWH WR WKH

RXWSXW� (LWKHU ZD\� WKH HQHUJ\ DW WKH RXWSXW GHFUHDVHV ZLWK D ORZHU*�

)LJXUH ��� �D� 2SWLFDO JDLQ YV� D�� �E� +���]� DFFXPXODWLRQ UDWH YV� D�� �F� +���]� DFFXPXODWLRQ

UDWH YV� D�� �)URP >��@��

$W WKH KLJKHU FRXSOLQJ UDWLRV QHLWKHU nEHU ODWWLFH VWUXFWXUH DFFXPXODWHV UDSLGO\� 7KH UHDVRQ IRU

WKH IDOO�Rm LV WKDW� DV WKH FRXSOLQJ UDWLR LQFUHDVHV� HLWKHU WKH HQHUJ\ LV SHUPDQHQWO\ ORVW �L�H�� ' LQ

)LJ� �� RQ SDJH �� RU % LQ )LJ� �� RQ SDJH ��� RU WKH HQHUJ\ DYRLGV WKH RXWSXW �L�H�� SDWK &) LQ

)LJ� �� RU SDWK ') LQ )LJ� ���� &RQYHUVHO\� WKH DFFXPXODWLRQ UDWHV DUH KLJKHVW DW WKH ORZHU FRXSOLQJ

UDWLRV� $W WKH ORZHU FRXSOLQJ UDWLRV� OHVV HQHUJ\ LV ORVW DW WKH RXWVHW RI DFFXPXODWLRQ �L�H�� ' LQ

)LJ� �� LV DYRLGHG� DQG PRUH HQHUJ\ LV GLUHFWHG WRZDUG WKH RXWSXW �L�H�� SDWK &( LQ )LJ� �� RU '( LQ

)LJ� ���� +RZHYHU� IRU WKH+���]� DFFXPXODWRU D SHUIHFW EDU�VWDWH ZLOO H[SHULHQFH QR DFFXPXODWLRQ DW

DOO EHFDXVH QR HQHUJ\ ZLOO EH FURVVHG LQWR WKH IHHGEDFN ORRS WR EH LQFUHDVHG E\ WKH RSWLFDO DPSOLnHU�

,Q IDFW� WKH RXWSXW ZLOO EH LGHQWLFDO WR WKH LQSXW�

7R VKRZ ?UHDO�WLPH� UHVXOWV DQG FKDUDFWHULVWLFV RI D nEHU ODWWLFH VWUXFWXUH DFFXPXODWLQJ+���]�

nEHU ODWWLFH VWUXFWXUH ZDV PRGLnHG DV VKRZQ LQ )LJ� �� RQ WKH QH[W SDJH� ,W ZDV PRGLnHG ZLWK

WKH DGGLWLRQ RI D IURQW�HQG RSWLFDO DPSOLnHU� ODEHOHG ?,Q�/LQH *DLQ �,/*��� DQG D FRPSDUDWRU WR

GULYH WKH DFFXPXODWLRQ XS RU GRZQ� 7KH FRPSDUDWRU LV PRGHOHG E\ D UHOD\ DQG D VZLWFK� :KHQ WKH

FRQWURO VLJQDO� VLPXODWHG E\ WKH GULYHU EORFN� LV JUHDWHU WKDQ WKH WKUHVKROG� WKH UHOD\ ODWFKHV� 7KH

ODWFKHV FDXVH WKH VZLWFK WR oLS EHWZHHQ WKH WZR RSWLFDO JDLQV� 7KH JUHDWHU*� ODEHOHG ?$FFXP 8S��
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LV IRU DFFXPXODWLQJ XS DQG ZLOO EH VHOHFWHG ZKHQ GULYHU LV JUHDWHU WKDQ WKH WKUHVKROG� 7KH RWKHU*

LV IRU DFFXPXODWLQJ GRZQ� 7KH ,/* LV LQFRUSRUDWHG QRZ EHFDXVH LW LV HDVLHU WR WXQH WKH nEHU ODWWLFH

VWUXFWXUHV ZLWKRXW WKH UHVW RI WKH FLUFXLWU\ LQFOXGHG LQ WKH hc PRGXODWRUV�

)LJXUH ��� 0RGLnHG 6LPXOLQN PRGHO RI +���]� nEHU ODWWLFH VWUXFWXUH� �)URP >��@��

7KH ,/* SOD\V D FULWLFDO UROH LQ WKH +���]� nEHU ODWWLFH VWUXFWXUH DFFXPXODWLRQ UDWH EHFDXVH LW

LV LQ WKH IHHG�IRUZDUG SDWK� ,QSXW ;� LV DPSOLnHG EHIRUH DQ\ FRXSOLQJ UDWLR GLYLGHV WKH LQWHQVLW\

DPRQJ GLmHUHQW SRUWV� 7KH VHQVLWLYLW\ RI WKH +���]� nEHU ODWWLFH VWUXFWXUH WR FKDQJHV LQ ,/* DQG

WKH DFFXPXODWLRQ GHSHQGHQFH RQ WKH FRPSDUDWRU VLJQDO DUH VKRZQ LQ )LJ� �� RQ WKH IDFLQJ SDJH�

7KH WKUHH FXUYHV ZHUH JHQHUDWHG E\ n[LQJ HYHU\WKLQJ LQ )LJ� �� H[FHSW WKH ,/*� 7KH FRXSOLQJ UDWLRV

XVHG ZHUH D�  ��� DQG D�  ���� 7KH $FFXP 8S * XVHG ZDV WKDW IRU D PRQRWRQLFDOO\ LQFUHDVLQJ

UHVSRQVH LQ 7DEOH � RQ SDJH ��� 7KH $FFXP 'RZQ * ZDV FKRVHQ WR JHQHUDWH D VPRRWK FXUYH ZKHQ

DFFXPXODWLQJ GRZQ� &KRRVLQJ DQ $FFXP 'RZQ* D IHZ WHQWKV OHVV WKDQ WKH $FFXP 8S * JHQHUDOO\

JLYHV JRRG UHVXOWV�

$V H[SHFWHG� WKH DFFXPXODWLRQ UDWH LV SURSRUWLRQDO WR ,/*� 7KLV LV HYLGHQW QRW RQO\ LQ WKH LQLWLDO

ULVH IURP �� EXW DOVR LQ WKH ULVH DQG IDOO RI WKH RVFLOODWLQJ DFFXPXODWLRQ ZKHQ WKH FRPSDUDWRU LV

V\VWHPDWLFDOO\ VZLWFKLQJ EHWZHHQ $FFXP 8S * DQG $FFXP 'RZQ *� 7KH UHODWLRQVKLS EHWZHHQ WKH

DFFXPXODWLRQ GLUHFWLRQ DQG WKH YDOXH RI WKH FRPSDUDWRU FDQ EH VHHQ E\ FRPSDULQJ WKH SXOVHV RQ WKH

ERWWRP RI WKH SORW ZLWK WKH SHDNV DQG YDOOH\V RI WKH RVFLOODWLRQV� $OVR� WKH YDOXH DERXW ZKLFK WKH

WKUHH DFFXPXODWLRQV RVFLOODWH LV SURSRUWLRQDO WR ,/*� )RU H[DPSOH� ZLWK ,/*  � WKH DFFXPXODWLRQ

RVFLOODWHV DERXW D UHODWLYH JDLQ RI ���� 7KH DFFXPXODWLRQ ZLWK ,/*  � RVFLOODWHV DW DSSUR[LPDWHO\

���� RU ��� JUHDWHU WKDQ WKH DFFXPXODWLRQ ZLWK ,/*  ��

:KHQ WKH DFFXPXODWLRQ nUVW EHJLQV� LW DSSHDUV WKDW WKH nUVW FRPSDUDWRU WUDQVLWLRQ IURP � WR �

LV LJQRUHG EHFDXVH WKH DFFXPXODWLRQ FRQWLQXHV XS� +DG $FFXP 8S * EHHQ VHW WR $FFXP 'RZQ *

DW WKH RQVHW� WKH DFFXPXODWLRQ ZRXOG KDYH LQFUHDVHG WR D OHYHO DERYH WKH OHYHO DFKLHYHG ZKHQ WKH

FRPSDUDWRU VZLWFKHG� &RQVHTXHQWO\� WKH DFFXPXODWLRQ FRQWLQXHV XS� :KHQ WKH VHFRQG FRPSDUDWRU

WUDQVLWLRQ RFFXUV� WKH YDOXH LV JUHDWHU WKDQ WKH $FFXP 'RZQ * FRXOG VXSSRUW� WKHUHIRUH WKH nEHU

ODWWLFH VWUXFWXUH DFFXPXODWHV GRZQ DV GHVLUHG� 7KLV DSSDUHQW HUURU LV HYHQWXDOO\ FRUUHFWHG LQ WLPH�

7R VKRZ WKH +���]� nEHU ODWWLFH VWUXFWXUH GHSHQGHQFH RQ WKH $FFXP 'RZQ *� WKH ,/* ZDV OHIW

DW � DQG HYHU\WKLQJ HOVH ZDV n[HG� $ WHVW UXQ ZLWK $FFXP 8S *  ��� �LQVWHDG RI �� UHVXOWV LQ
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)LJXUH ��� (mHFW RI LQ�OLQH JDLQ RQ DFFXPXODWLRQ UDWH� �)URP >��@��

WKH nEHU ODWWLFH VWUXFWXUH VDWXUDWLQJ� /RZHU YDOXHV UHVXOW LQ D ORZHU VDWXUDWLRQ YDOXH� WKHUHIRUH�

WKH DFFXPXODWRU RVFLOODWHV DW ORZHU YDOXHV DV VHHQ LQ )LJ� �� RQ WKH QH[W SDJH� 7KH $FFXP 'RZQ

* ZDV VHW WR WKH $FFXP 8S * IRU UHIHUHQFH RQO\� $V WKH $FFXP * GHFUHDVHV� WKH +���]� nEHU

ODWWLFH VWUXFWXUH VHWWOHV DW D ORZHU YDOXH� $OWKRXJK WKH FKDQJH LQ $FFXP 'RZQ GUDVWLFDOO\ DmHFWV

WKH PDJQLWXGH RI WKH VWHDG\�VWDWH UHVSRQVH� WKH RVFLOODWLRQV DERXW WKH SODWHDX DUH URXJKO\ WKH VDPH

PDJQLWXGH� 2QH GLmHUHQFH EHWZHHQ YDU\LQJ WKH ,/* DQG WKH $FFXP 'RZQ * LV WKDW WKH UHODWLYH

JDLQ UDWH GHFUHDVHV SURSRUWLRQDOO\ WR WKH ,/* �VHH )LJ� ���� 7KH UHODWLYH JDLQ UDWH EHWZHHQ SHDNV

DQG YDOOH\V RI )LJ� �� RQ WKH QH[W SDJH DUH DSSUR[LPDWHO\ WKH VDPH�

7KH nQDO WHVW JHQHUDWHV WKH FRXSOLQJ FRHpFLHQWV� ,/*� DQG *V UHTXLUHG LQ RUGHU IRU WKH +���]�

nEHU ODWWLFH VWUXFWXUH WR IROORZ D VLJQDO� ,Q RWKHU ZRUGV� LI =� LV D VWHS LQSXW� <� LV WKH VWHDG\�VWDWH

UHVSRQVH WKDW VHWWOHV DW WKH LQSXW YDOXH� 7KH ,/*� $FFXP 8S*� DQG $FFXP 'RZQ* YHUVXV FRXSOLQJ

UDWLRV D� DQG D� GDWD DUH LQ 7DEOHV � DQG � RQ SDJH ��� 7R VLPSOLI\ WKH LPSOHPHQWDWLRQ� WKH+���]�

nEHU ODWWLFH VWUXFWXUH ZDV WXQHG ZLWK ,/* HTXDO WR WKH $FFXP 8S *� $V PHQWLRQHG EHIRUH� JRRG

UHVXOWV FDQ EH JHQHUDWHG ZLWK $FFXP 'RZQ * D IHZ WHQWKV OHVV WKDQ WKH $FFXP 8S *�

,Q VXPPDU\� WKH nEHU ODWWLFH VWUXFWXUHV GLVFXVVHG KDYH RQH GLVWLQJXLVKLQJ FKDUDFWHULVWLF DQG PDQ\

FRPPRQ FKDUDFWHULVWLFV� 7KH VLQJOH GLmHUHQFH EHWZHHQ WKHP LV WKH DFFXPXODWLRQ UDWHV DV VKRZQ LQ

)LJ� �� RQ SDJH �� DQG 7DEOHV �� �� DQG �� 7KH +���]� nEHU ODWWLFH VWUXFWXUH DFFXPXODWHV PRUH

UDSLGO\ WKDQ WKH +���]� nEHU ODWWLFH VWUXFWXUH IRU D JLYHQ VHW RI FRXSOLQJ UDWLRV DQG*V� 7KH W\SH RI

DFFXPXODWLRQ FDQ EH GHWHUPLQHG VLPSO\ E\ NQRZLQJ WKH SROH SRVLWLRQ JLYHQ E\D�D�*� ,I D�D�* � ��

WKH nEHU ODWWLFH VWUXFWXUH ZLOO VDWXUDWH� FRQYHUVHO\� LI D�D�* ! �� WKH RXWSXW IURP WKH nEHU ODWWLFH

VWUXFWXUH ZLOO JURZ H[SRQHQWLDOO\� 0RQRWRQLFDOO\ LQFUHDVLQJ UHVSRQVH ZLOO RFFXU ZKHQ WKH VLQJOH SROH

LV EHWZHHQ WKH WZR H[WUHPHV� ZKLFK RFFXUV ZKHQ D�D�*  ��

7KH UHVLOLHQF\ RI WKH nEHU ODWWLFH VWUXFWXUH LV IXUWKHU GHPRQVWUDWHG E\ WKH IDFW WKDW WKH FRXSOLQJ

UDWLRV DUH LQWHUFKDQJHDEOH EHWZHHQ ERWK GLUHFWLRQDO FRXSOHUV� 7KLV FKDUDFWHULVWLF LV VKRZQ E\ WKH
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)LJXUH ��� (mHFW RI UHGXFLQJ $FFXPXODWH 'RZQ *� �)URP >��@��

WDEOHV� $OO RI WKH WDEOHV DUH 7RHSOLW] PDWULFHV� 7UDFNLQJ D VLJQDO ZLWK YDU\LQJ DPSOLWXGH RU IUHTXHQF\

LV DV VLPSOH DV FRQWUROOLQJ WKH RSWLFDO JDLQV DQG�RU WKH YROWDJH�FRQWUROOHG FRXSOLQJ UDWLRV�

,Q WKH QH[W VHFWLRQ WKH nEHU ODWWLFH VWUXFWXUHV DUH LQVHUWHG LQWR WKH VLJPD�GHOWD PRGXODWRUV�

$OWKRXJK D nUVW�RUGHU VLJPD�GHOWD PRGXODWRU LV LQKHUHQWO\ XQVWDEOH DQG XQUHOLDEOH� UHSODFLQJ WKH

LGHDO WUDQVIHU IXQFWLRQ ZLWK D nEHU ODWWLFH VWUXFWXUH ZLOO VHUYH DV D SURRI RI FRQFHSW IRU RSWLFDO

DFFXPXODWLRQ� 7KH +���]� nEHU ODWWLFH VWUXFWXUH LV XVHG EHFDXVH LW LQKHUHQWO\ KDV D ZLGHU UDQJH

RI DFFXPXODWLRQ UDWHV DYDLODEOH� ,QVHUWLQJ ERWK nEHU ODWWLFH VWUXFWXUHV LQWR WKH VHFRQG�RUGHU VLJPD

GHOWD PRGXODWRUV UHVXOWV LQ PRUH UHOLDEOH DQG VWDEOH RXWSXW�

����� )LUVW�2UGHU 2SWLFDO hc0 8VLQJ )LEHU /DWWLFH $FFXPXODWRU 0RGHO

7KH RSWLFDO DPSOLnHU SUHFHGLQJ WKH nEHU ODWWLFH VWUXFWXUH SOD\V WKH VDPH UROH DV WKH ,/* GLVFXVVHG

LQ )LJ� �� RQ SDJH ��� 7KH ODVHU SXOVHV WKDW DUH LQSXW WR ERWK 0=,V VDPSOH WKH VLJQDO GXH WR WKH

YROWDJH GLmHUHQFH EHWZHHQ WKH DQWHQQD 5) DQG WKH HOHFWULFDO IHHGEDFN VLJQDOV�

7KH+���]� nEHU ODWWLFH VWUXFWXUH LQKHUHQWO\ KDV D ZLGHU UDQJH RI DFFXPXODWLRQ UDWHV� WKHUHIRUH� LW

LV WKH PRUH DSSURSULDWH FKRLFH IRU WKH nUVW�RUGHU VLJPD�GHOWD PRGXODWRU� $Q\ SDUWLFXODU FRPELQDWLRQ

RI YDOXHV RI FRXSOLQJ UDWLRV� ,/*� DQG* FDQ EH SXOOHG IURP 7DEOH � RQ SDJH �� DQG 7DEOH � RQ SDJH ��

WR GHPRQVWUDWH WKH YDOLGLW\ RI WKH LGHDO UHVXOWV� 7KH LGHDO FDVH GLG QRW DFFRXQW IRU HLWKHU WKH HmHFW

RI WKH RSWLFDO DPSOLnHU LQ WKH IHHGIRUZDUG SDWK RU WKH LQoXHQFH RI WKH PDJQLWXGH 0=,� ,QVWHDG RI

WKH PDJQLWXGH 0=,� WKH QRUPDOL]HG GLUHFWLRQDO 0=, RXWSXW ZDV PDQLSXODWHG WR FORVHO\ IROORZ WKH

H[SHFWHG FKDUDFWHULVWLFV� 7KH ODFN RI DQ RSWLFDO DPSOLnHU LQ WKH IHHGIRUZDUG SDWK ZDV FRPSHQVDWHG

E\ D IURQW�HQG DPSOLnHU RI ��� 5HJDUGOHVV RI WKHVH GLmHUHQFHV� WKH H[SHFWHG UHVXOWV FORVHO\ IROORZ

WKRVH SUHVHQWHG KHUH IRU WKH VDPH FRXSOLQJ UDWLRV�

$ UDPS VLJQDO IURP b� 9 WR �� 9 LV LQSXW WR ERWK 0=,V �VHH )LJ� ��D�� 7KH RXWSXW RI WKH

+���]� nEHU ODWWLFH VWUXFWXUH DQG WKH RXWSXW RI WKH VLJPD�GHOWD PRGXODWRU DUH VKRZQ LQ )LJV� ��E
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DQG ��F� UHVSHFWLYHO\� 7KHVH UHVXOWV FDQ EH FRPSDUHG WR VLPLODU UHVXOWV IURP WKH LGHDO FDVH LQ )LJ� ��
RQ WKH QH[W SDJH� ,Q SDUW �D� RI ERWK )LJV� �� DQG �� LV WKH LGHQWLFDO UDPS LQSXW� ,Q )LJ� ��E�
WKH +���]� nEHU ODWWLFH VWUXFWXUH DFFXPXODWHV XQWLO WKH FRPSDUDWRU WKUHVKROG RI ��� 9 LV H[FHHGHG�
6RPHWLPHV WKHUH DSSHDUV WR EH D ODJ EHWZHHQ SHQHWUDWLQJ WKH WKUHVKROG DQG WKH WKUHVKROG YDOXH
EHLQJ VXEWUDFWHG IURP WKH 0=,V� WKHUHE\ UHGXFLQJ WKH +���]� nEHU ODWWLFH VWUXFWXUH RXWSXW� 7KLV
LV PRUH D VKRUWIDOO RI WKH GLVFUHWH QDWXUH RI WKH VLPXODWLRQ DQG WKH UDSLG UDWH RI DFFXPXODWLRQ WKDQ
D ODJJLQJ PRGXODWRU� 2QFH WKH FRPSDUDWRU WKUHVKROG LV EUHDFKHG� WKH WKUHVKROG YDOXH LV VXEWUDFWHG
IURP WKH QH[W VDPSOHG GDWD LQSXW DW WKH 0=,V EHIRUH SURSDJDWLQJ WKURXJK WKH PRGXODWRU DJDLQ�
7KH DFFXPXODWLRQ LV PRUH UDSLG EHWZHHQ VDPSOH WLPHV RI �� DQG ��� WKDQ DW RWKHU WLPHV� 7KLV LV
D IXQFWLRQ RI WKH GLmHUHQFH EHWZHHQ WKH LQSXW DQG IHHGEDFN VLJQDOV� $V WKH GLmHUHQFH DSSUR[LPDWHV
WKH � YDOXH� WKH WKUHVKROG LV DSSURDFKHG DQG H[FHHGHG PRUH RIWHQ� ,Q )LJ� ��E� WKH LGHDO FDVH� WKH
PDJQLWXGH RI WKH +���]� WUDQVIHU IXQFWLRQ RXWSXW LV JUHDWHU WKDQ WKDW JHQHUDWHG LQ )LJ� ��E� 7KLV
LV D GLUHFW UHVXOW RI WKH H[WUHPH IURQW�HQG JDLQ RI �� FRPELQHG ZLWK WKH ODFN RI DFFRXQWLQJ IRU WKH
RSWLFDO DPSOLnHU LQ WKH IHHGIRUZDUG SDWK RI WKH +���]� nEHU ODWWLFH VWUXFWXUH� 7KH SDWWHUQV DUH
VLPLODU GXH WR WKH GHSHQGHQFH RQ WKH IUHTXHQF\ RI WKUHVKROG FURVVLQJV QRW WKH PDJQLWXGH EHWZHHQ
WKH FURVVLQJV�

)LJXUH ��� 2SWLFDO nUVW�RUGHU VLJPD�GHOWD �D� UDPS LQSXW� �E�+���]� nEHU ODWWLFH VWUXFWXUH RXWSXW�
DQG �F� nUVW�RUGHU VLJPD�GHOWD PRGXODWRU RXWSXW� �)URP >��@��

7KH nUVW�RUGHU VLJPD�GHOWD PRGXODWRU RXWSXW VKRZQ LQ )LJV� ��F DQG ��F LV JHQHUDWHG ZLWK D
TXDQWL]HU OHYHO RI ��� YROWV� 7KLV PHDQV WKDW ZKHQ WKH FRPSDUDWRU WKUHVKROG LV SHQHWUDWHG� D ��� 9
RU D b��� 9 VLJQDO LV JHQHUDWHG� :KHQ WKH VLJQDO LQSXW WR WKH FRPSDUDWRU LV EHWZHHQ WKH TXDQWL]HU
YDOXHV� WKH YDOXH RI WKH RXWSXW VLJQDO FDQ EH DSSUR[LPDWHG E\ WKH ZHLJKWLQJ RI WKH RXWSXW� )RU
H[DPSOH� LI WKH GLVFUHWH RXWSXW LQ D JLYHQ SHULRG LV KLJK ��� RI WKH WLPH� WKH PDJQLWXGH RI WKH VLJQDO
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)LJXUH ��� ,GHDO nUVW�RUGHU VLJPD�GHOWD �D� UDPS LQSXW� �E�+���]� WUDQVIHU IXQFWLRQ RXWSXW� DQG �F�
nUVW�RUGHU VLJPD�GHOWD PRGXODWRU RXWSXW� �)URP >��@��
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EHLQJ TXDQWL]HG LV WKH ORZHU TXDQWL]HU OHYHO �b��� 9 KHUH� SOXV ��� RI WKH GLmHUHQFH EHWZHHQ WKH

YDOXHV� RU ��� 9� 7KH YDOXH RI WKH VLJQDO DW WKH HQG RI WKLV SHULRG RI WLPH LV DSSUR[LPDWHO\b���� 9�

7KH DFFXPXODWLRQ LQ )LJ� �� RQ SDJH �� LV QRW DV V\PPHWULF DV )LJ� ��� 7KLV LV GXH WR WKH

LQoXHQFH RI WKH * XVHG IRU DFFXPXODWLQJ GRZQ� $FFXP 'RZQ *� VKRZQ LQ )LJ� ��� )LJXUH ��E LV

WKH VDPH DV )LJ� ��F DQG LV D UHVXOW RI $FFXP 8S * DQG ,/* HTXDO WR ���� DQG $FFXP 'RZQ *

HTXDO WR ���� )LJXUHV ��D^G ZHUH JHQHUDWHG E\ n[LQJ HYHU\WKLQJ H[FHSW WKH $FFXP 'RZQ *� $V

WKH $FFXP 'RZQ * GHFUHDVHV� WKH DFFXPXODWLRQ UDWH VORZV GRZQ� 7KLV LV VKRZQ E\ ERWK WKH GHOD\

EHIRUH WKH VLJQDO LV GLVFUHWL]HG DQG WKH ZHLJKWLQJ RI WKH GLVFUHWH VLJQDO� )RU LQVWDQFH� LQ )LJXUH ���G�

ZKHQ WKH LQSXW VLJQDO LV HTXDO WR �� ZKLFK RFFXUV DW WKH ���WK VDPSOH� WKH GLVFUHWH RXWSXW LV LGOLQJ

DERXW �� 7KLV FRUUHVSRQGV WR D YDOXH RI �� &RQYHUVHO\� ZLWK WKH RWKHU WKUHH $FFXP 'RZQ*V WKH

GLVFUHWH RXWSXW LV ODWFKHG WR WKH UHVROXWLRQ RI WKH FRPSDUDWRU� 7KLV PHDQV WKDW WKH VLJQDO LV DW OHDVW

��� 9� 6LQFH WKH LQSXW VLJQDO LV V\PPHWULF� LW DSSHDUV WKDW DQ $FFXP 'RZQ* RI ���� JLYHV WKH PRVW

DFFXUDWH UHVXOWV�

)LJXUH ��� (mHFW RI $FFXP 'RZQ * RQ nUVW�RUGHU VLJPD�GHOWD PRGXODWRU RXWSXW �D� $FFXP 'RZQ

*  ����� �E� $FFXP 'RZQ *  ���� �F� $FFXP 'RZQ *  ����� DQG �G� $FFXP 'RZQ *  �����

�)URP >��@��

6LQFH WKH DFFXPXODWLRQ LPSURYHV DV WKH $FFXP 'RZQ * DSSURDFKHV WKDW RI WKH $FFXP 8S *�

LW DSSHDUV WKDW WKH VLWXDWLRQ ZKHQ $FFXP 'RZQ * HTXDOV WKH $FFXP 8S * PLJKW JHQHUDWH EHWWHU

UHVXOWV� $V VKRZQ LQ )LJ� �� RQ WKH IROORZLQJ SDJH� WKH +���]� nEHU ODWWLFH VWUXFWXUH DQG WKH

GLVFUHWH RXWSXW DSSHDU WR FORVHO\ IROORZ WKH LGHDO UHVXOWV SUHVHQWHG E\ <LQJ >��@ LQ )LJ� �� RQ WKH

SUHFHGLQJ SDJH� )RU D FRQVWDQWO\ LQFUHDVLQJ VLJQDO OLNH WKH UDPS VLJQDO XVHG� UHPRYLQJ WKH $FFXP

'RZQ * VHHPV WR EH D YDOLG DQVZHU� $OWKRXJK WKDW LV WUXH� UHDO�ZRUOG VLJQDOV YDU\ LQ IUHTXHQF\

DQG PDJQLWXGH� WKXV WKH QHHG WR KDYH WZR GLmHUHQW RSWLFDO DPSOLnFDWLRQV� $FFXP 8S* DQG $FFXP

'RZQ *�
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)LJXUH ��� $FFXPXODWLRQ ZLWK $FFXP 8S HTXDO $FFXP 'RZQ �D�+���]� RXWSXW� �E� GLVFUHWH RXWSXW�
�)URP >��@��

$QRWKHU LQSXW VLJQDO RI LQWHUHVW LV D GF VLJQDO� $Q DFFXPXODWLRQ VKRXOG UHVXOW LQ D GLVFUHWH RXWSXW
NQRZQ DV SDWWHUQ QRLVH >��@� $Q LQSXW RI ���� 9 ZDV LQVHUWHG LQ SODFH RI WKH UDPS VLJQDO XVHG EHIRUH�
7KH VDPH FRXSOLQJ UDWLRV� $FFXP 8S * DQG $FFXP 'RZQ *� DV XVHG LQ )LJ� �� RQ SDJH �� ZHUH
XVHG WR JHQHUDWH )LJ� ��� $ FKDQJH LQ WKH ,/* ZDV QHFHVVDU\ EHFDXVH WKH DFFXPXODWLRQ UDWH RI WKH
nEHU ODWWLFH VWUXFWXUH ZDV ���� IRU D�  ��� DQG DL  ��� �VHH 7DEOH � RQ SDJH ���� 7KH ,/* ZDV
LQFUHDVHG E\ WKH LQYHUVH RI WKH DFFXPXODWLRQ UDWH� WKXV PDNLQJ LW HTXDO WR ������b� RU ������

)LJXUH ��� )LUVW�RUGHU VLJPD�GHOWD GLVFUHWH RXWSXW ZLWK ���� 9 LQSXW� �)URP >��@��

$V VKRZQ LQ )LJ� ��� WKH GLVFUHWH RXWSXW LV ZHLJKWHG WRZDUGV WKH KLJKHU UHVROXWLRQ� ��� 9� 7KH
PHDQ RI WKH GLVFUHWH RXWSXW LV ���� ZKLFK DSSUR[LPDWHO\ HTXDOV WKH LQSXW� 7KH LQSXW LV VKRZQ DV D
VWUDLJKW OLQH QHDU �����
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����� 6HFRQG�2UGHU 6LJPD�'HOWD 0RGXODWRU ZLWK )LEHU /DWWLFH $FFXPXODWRU 0RGHO

7KH +���]� nEHU ODWWLFH VWUXFWXUH LV SODFHG LQ WKH nUVW VWDJH� WKH +���]� nEHU ODWWLFH VWUXFWXUH LV
LQVHUWHG LQWR WKH VHFRQG VWDJH� %HVLGHV WKLV� WKH GLmHUHQFH EHWZHHQ WKH nUVW�RUGHU DQG WKH VHFRQG�
RUGHU LV VXEWOH� 7KH nUVW�RUGHU RXWSXW FRPSDUDWRU LV UHPRYHG DQG SODFHG DW WKH RXWSXW RI WKH
VHFRQG�RUGHU PRGXODWRU� 7KH IHHGEDFN LV FRPSDUHG WR D VLJQDO LQ WZR SODFHV� RQH EHLQJ WKH LQSXW
LQWR WKH VHFRQG�RUGHU VLJPD�GHOWD PRGXODWRU DQG WKH RWKHU EHLQJ WKH RXWSXW RI WKH nUVW VWDJH� 7KH
FRPELQDWLRQ RI WKH WZR nEHU ODWWLFH VWUXFWXUHV VKRXOG EH D GDPSHG DQG PRUH VWDEOHPRGXODWRU ZKHQ
FRPSDUHG WR WKH nUVW�RUGHU VLJPD�GHOWD PRGXODWRU�

3UHOLPLQDU\ UHVXOWV DUH VKRZQ LQ )LJ� ��� 7KHVH UHVXOWV ZHUH REWDLQHG E\ VHWWLQJ DOO FRXSOLQJ
FRHpFLHQWV WR ���� DQG WKH IURQW�HQG JDLQ RI WKH VHFRQG DFFXPXODWRU WR �� 7KH $FFXP 8S* RI WKH
+���]� nEHU ODWWLFH VWUXFWXUH LV WKDW IRU D PRQRWRQLFDOO\ LQFUHDVLQJ UHVSRQVH LQ 7DEOH � RQ SDJH ���
)RU WKHVH FRXSOLQJ FRHpFLHQWV WKLV YDOXH LV �� 7KH $FFXP 'RZQ * ZDV VHW DW D IHZ WHQWKV OHVV DW
���� )RU WKH +���]� nEHU ODWWLFH VWUXFWXUH� WKH $FFXP 8S * DQG $FFXP 'RZQ * XVHG DUH IRXQG LQ
7DEOHV � DQG �� 7KH IURQW�HQG JDLQ ZDV QRW VHW WR WKDW LQ WKH WDEOH EHFDXVH WKH DFFXPXODWLRQ ZDV
WRR UDSLG EXW ZDV LQVWHDG VHW WR D ORZHU YDOXH RI ��

)LJXUH ��� 6HFRQG�RUGHU VLJPD�GHOWD DFFXPXODWLRQ �D� +���]� RXWSXW� �E� +���]� RXWSXW� DQG �F�
PRGXODWRU RXWSXW� �)URP >��@��

7KH GDPSLQJ HmHFW RI WKH+���]� nEHU ODWWLFH VWUXFWXUH RQ WKH PRGXODWRU FDQ EH VHHQ LQ )LJ� ��D�
2QFH WKH nUVW VWDJH� +���]�� EHJLQV DFFXPXODWLQJ WKH VHFRQG VWDJH� +���]�� IROORZV VXLW� 7KH
VHFRQG VWDJH DQG RXWSXW TXLFNO\ DFKLHYH D ��� GXW\ F\FOH� PHDQLQJ HYHU\ RWKHU VDPSOH UHVXOWV
LQ DQ DFFXPXODWLRQ WKDW SHQHWUDWHV WKH WKUHVKROG� 7KH UHVW RI WKH WLPH RVFLOODWLRQV FRQWLQXH ZLWK
WKH PHDQ RI WKH LGOLQJ SDWWHUQ ZHLJKWHG WRZDUG WKH KLJKHU UHVROXWLRQ RI WKH RXWSXW FRPSDUDWRU�
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)XUWKHU nQH WXQLQJ RI WKH VHFRQG�RUGHU VLJPD�GHOWD PRGXODWLRQ LV QHFHVVDU\� 7KH DFFXPXODWLRQ
LQ WKLV H[DPSOH LV WRR UDSLG� EXW WKH RXWSXWV VKRZQ DUH V\PPHWULFDO DQG FRQYHUJHQW� 6ORZHU DFFX�
PXODWLRQ FDQ EH DFKLHYHG ZLWK KLJKHU FRXSOLQJ UDWLRV DQG ORZHU RSWLFDO JDLQV� 7KLV H[DPSOH VLPSO\
GHPRQVWUDWHG WKDW WKH VHFRQG�RUGHU RSWLFDO LPSOHPHQWDWLRQ RI WKH VHFRQG�RUGHU VLJPD�GHOWD PRGX�
ODWRU LV FRPSOHWH DQG DFFXPXODWLRQ FKDUDFWHULVWLFV DUH DW OHDVW FRPSDUDEOH WR nUVW�RUGHU UHVXOWV DW
WKLV WLPH�
,Q VXPPDU\� WKH nUVW�RUGHU UHVXOWV SUHVHQWHG FORVHO\ UHVHPEOH WKH LGHDO UHVXOWV NQRZQ D SULRUL�

2QH QHJOLJLEOH GLmHUHQFH EHWZHHQ WKH LGHDO DQG WKH nUVW�RUGHU VLJPD�GHOWD ZLWK WKH nEHU ODWWLFH
DFFXPXODWRU ZDV LQ WKH DPSOLWXGH RI WKH+���]� DFFXPXODWRU RXWSXW� 7KLV ZDV GXH WR D ODUJH IURQW�
HQG JDLQ LQ WKH LGHDO FDVH� EXW SURYHG WR EH RI OLWWOH FRQFHUQ EHFDXVH WKH FRPSDUDWRU RQO\ FKHFNV IRU
WKUHVKROG FURVVLQJV� QRW WKH PDJQLWXGH UHDFKHG EHWZHHQ FURVVLQJV�
7KH ORZHU RSWLFDO DPSOLnHU YDOXH� $FFXP 'RZQ*� LQ WKH IHHGEDFN GHWHUPLQHV ZKHQ DFFXPXODWLRQ

EHJLQV� :KHQ $FFXP 'RZQ * HTXDOV $FFXP 8S *� WKH GLVFUHWH RXWSXW LV V\PPHWULFDO DQG ORRNV
OLNH DQ DWWHQXDWHG LGHDO FDVH� +RZHYHU� WKLV KROGV RQO\ IRU WKH SDUWLFXODU UDPS LQSXW VLJQDO XVHG� $
GLmHUHQFH RI D IHZ WHQWKV EHWZHHQ WKH $FFXP 8S* DQG $FFXP 'RZQ* JHQHUDOO\ JLYHV JRRG UHVXOWV�
$ PLQRU FKDQJH LQ WKH RSWLFDO JDLQ LV DOO WKDW LV QHFHVVDU\ IRU WKH PHDQ RI WKH GLVFUHWH RXWSXW WR
HTXDO D GF LQSXW�
)LQDOO\� WKH RSWLFDO PRGHO RI WKH VHFRQG�RUGHU VLJPD�GHOWD ZDV VKRZQ� DQG SUHOLPLQDU\ UHVXOWV

VKRZQ� )XUWKHU VWXG\ LV QHFHVVDU\ WR XQGHUVWDQG KRZ WR nQH WXQH WKH VHFRQG�RUGHU VLJPD�GHOWD
PRGXODWRU�

��� )UHH�6SDFH 6�6((' hc0 'HVLJQV

7ZR DGGLWLRQDO LPSOHPHQWDWLRQV RI RSWLFDO RYHUVDPSOLQJ EHLQJ UHVHDUFKHG �LQWHUIHURPHWULF DQG QRQ�
LQWHUIHURPHWULF� DUH EDVHG RQ HUURU GLmXVLRQ DQG LQWHUSRODWLRQ FRGLQJ DQG XVH V\PPHWULF VHOI�HOHFWUR�
RSWLF HmHFW GHYLFHV �6�6(('�� >��^��@ ,Q HUURU GLmXVLRQ FRGLQJ WKH ODUJH HUURU WKDW LV DVVRFLDWHG
ZLWK D VLQJOH VDPSOH LV GLmXVHG RYHU PDQ\ VXEVHTXHQW VDPSOHV� 7KH HUURU WR EH GLmXVHG LV XVXDOO\
JHQHUDWHG E\ D ELQDU\ TXDQWL]HU �VLQJOH�ELW� ZLWK D OLQHDU nOWHU LQ D IHHGEDFN VWUXFWXUH� )LJXUH �� RQ
WKH IDFLQJ SDJH VKRZV WKH EORFN GLDJUDP RI D JHQHUDOL]HG UHFXUVLYH HUURU GLmXVLRQPRGXODWRU� +HUH�
+�]� UHSUHVHQWV WKH ] WUDQVIRUP RI D FDXVDO� XQLW\ JDLQ nOWHU WKDW HQVXUHV FRPSOHWH GLmXVLRQ RI WKH
HUURU VLJQDO qQ DQG ]b� LV D XQLW VDPSOH GHOD\� ,Q WKH VLPSOHVW FDVH RI nUVW�RUGHU HUURU GLmXVLRQ�
+�]�  � DQG WKH DUFKLWHFWXUH RI )LJXUH �� FDQ EH HTXLYDOHQWO\ UHSUHVHQWHG DV WKH WUDGLWLRQDO VLQJOH�
ORRS hc PRGXODWRU DV GLVFXVVHG LQ WKH 6HFWLRQ ����
7KH LQSXW WR WKH PRGXODWRU� [�Q� LV JHQHUDWHG E\ RYHUVDPSOLQJ WKH DQDORJ LQSXW VLJQDO [�W��

7KH GLmHUHQFH EHWZHHQ WKH PRGXODWRU LQSXW DQG D GHOD\HG YHUVLRQ RI WKH TXDQWL]HU HUURU qQb� LV
TXDQWL]HG E\ WKH ELQDU\ TXDQWL]HU� ZKHUH WKH TXDQWL]HU HUURU LV GHnQHG DV WKH GLmHUHQFH EHWZHHQ
WKH RXWSXW DQG WKH LQSXW WR WKH TXDQWL]HU� qQ  T�XQ� b XQ� )RU +�]�  � WKH QRQOLQHDU GLmHUHQFH
HTXDWLRQ GHVFULELQJ WKLV PRGXODWRU LV >��@

X
Q
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Q
b �

Qb�  [
Q
� X

Qb� b T�X
Qb�� ����

IRU Q  �� �� c c c �� 6LQFH XQ  [Q b qQ WKH DERYH HTXDWLRQ FDQ EH ZULWWHQ DV

T�X
Q
�  [

Q
� q

Q
b q

Qb� ����

ZKLFK VKRZV WKH GLVFUHWH WLPH GHULYDWLYH RI WKH HUURU VLJQDO DV GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQ�
$ nUVW�RUGHU EXON�RSWLF LPSOHPHQWDWLRQ LV VKRZQ LQ )LJ� �� RQ WKH QH[W SDJH >��@� ,Q WKLV EXON�

RSWLF LPSOHPHQWDWLRQ� WKH TXDQWLWLHV DUH RSWLFDO VLJQDOV UHSUHVHQWHG DV FRPSOH[ nHOG DPSOLWXGHV�
7KH FRKHUHQW UHIHUHQFH� OHQV� DQG VOLW DUUDQJHPHQW SURYLGH IRU LQWHUIHURPHWULF SKDVH GHWHFWLRQ ZKLFK
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)LJXUH ��� %ORFN GLDJUDP RI UHFXUVLYH HUURU GLmXVLRQ PRGXODWRU� �)URP 5HI� >��@��

LV UHTXLUHG IRU WKH ]HUR WKUHVKROG GHWHFWLRQ LQ WKH ELQDU\ TXDQWL]HU� 7KH ELQDU\ TXDQWL]HU LV LPSOH�

PHQWHG E\ D PXOWLSOH�TXDQWXP ZHOO V\PPHWULF VHOI�HOHFWUR�RSWLF HmHFW GHYLFH �6�6(('�� 7KH WZR

VOLWV LQ WKH SKDVH GHWHFWRU DUH SRVLWLRQHG WR VHOHFW WKH � DQG { PD[LPD RI WKH LQWHUIHUHQFH SDWWHUQ�

7KH 6�6((' SURYLGHV WKH ELQDU\ TXDQWL]DWLRQ IXQFWLRQ DV ZHOO DV WKH RSWLFDO JDLQ QHFHVVDU\ WR RYHU�

FRPH V\VWHP ORVVHV� 7KH SKRWRQ HQHUJ\ LV VHOHFWHG VXFK WKDW G6 G9 � � DQG WKH RSHUDWLQJ SRLQW

LV XQVWDEOH� WKHUHE\ SURYLGLQJ ELVWDELOLW\� +HUH 6 LV WKH UHVSRQVLYLW\ DQG 9 LV WKH DSSOLHG YROWDJH�

7KH WKUHVKROG LV VHW E\ WKH H[WHUQDO YROWDJH 9� DQG WKH UDWLR RI WKH WZR LQSXW SRZHU OHYHOV 3,1� DQG

3,1� �LQWHJUDWLRQ RI WKH RSWLFDO SXOVH DPSOLWXGH�� )XUWKHU GHWDLOV RQ WKLV LQWHUIHURPHWULF DSSURDFK

FDQ EH IRXQG LQ >��@�

)LJXUH ��� )LUVW�RUGHU LQWHUIHURPHWULF HUURU GLmXVLRQ PRGXODWRU� �)URP 5HI� >��@��

7KH QRQ�LQWHUIHURPHWULF RSWLFDO PRGXODWRU LV VKRZQ LQ )LJ� �� RQ WKH IROORZLQJ SDJH >��@� ,Q

WKLV LPSOHPHQWDWLRQ [�

Q
LV WKH XQLSRODU PRGXODWRU LQSXW WKDW LV JHQHUDWHG E\ VDPSOLQJ [�W� DQG WKHQ

ELDVLQJ [Q E\ �TV � WR LQVXUH WKDW [�

Q
w � �QRQ�QHJDWLYH VLJQDO RSHUDWLRQ ZLWKLQ WKH PRGXODWRU�� ,Q
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WKLV DSSURDFK� WZR 6((' GHYLFHV DUH XVHG WR LPSOHPHQW D QRQ�LQWHUIHURPHWULF RSWLFDO VXEWUDFWLRQ�
7KHVH WZR 6(('V DUH RSHUDWHG DW D SKRWRQ HQHUJ\ VXFK WKDW G6 G9 ! � DQG WKH RSHUDWLQJ SRLQW LV
VWDEOH� ,Q WKLV PRGH� WKH RSWLFDO DEVRUSWLRQ RI WKH 6((' FDQ EH VKRZQ WR EH GLUHFWO\ SURSRUWLRQDO WR
WKH FXUUHQW LQ WKH HOHFWURQLF ELDV FLUFXLW� 7KH 6�6((' LV DJDLQ XVHG WR SURYLGH ELQDU\ TXDQWL]DWLRQ
DQG RSWLFDO JDLQ EXW� LQ WKLV FRQnJXUDWLRQ� WKH WKUHVKROG LV VHW E\ WKH H[WHUQDO YROWDJH 9� DQG WKH
UDWLR RI X�

Q
DQG WKH RSWLFDO UHIHUHQFH�

)LJXUH ��� )LUVW�RUGHU QRQ�LQWHUIHURPHWULF HUURU GLmXVLRQ PRGXODWRU� �)URP 5HI� >��@��

7KH DERYH WHFKQLTXHV KDYH WKH DGYDQWDJH RI UHTXLULQJ RQO\ RSWLFDO WKUHVKROG DQG DULWKPHWLF RSHU�
DWRUV DQG FRPPRQ RSWLFDO FRPSRQHQWV� 6HFRQGO\� WKHVH DUFKLWHFWXUHV DUH DOVR FRQYHQLHQWO\ RSHUDWHG
LQ FRQMXQFWLRQ ZLWK KLJK VSHHG RSWLFDO VDPSOLQJ WHFKQLTXHV XVLQJ PRGH�ORFNHG ODVHU VRXUFHV �VHH
3DUW ,�� 6�6((' VZLWFKLQJ VSHHGV DUH DV IDVW DV � SV DQG UHTXLUH ORZ RSHUDWLQJ HQHUJ\� )LQDOO\� WKHVH
DUFKLWHFWXUHV PD\ DOVR EH H[WHQGDEOH WR KLJKHU RUGHU GHVLJQV EXW PD\ VWLOO VXmHU IURP YLEUDWLRQV�
HWF�� GXH WR EXON�RSWLF GHVLJQ�

�� 2SWLFDO 8QGHUVDPSOLQJ ')7 5HFHLYHUV

���� ,QWURGXFWLRQ

)RU ZLGHEDQG FRQVLGHUDWLRQV ZKHUH RYHUVDPSOLQJ WKH VLJQDO LV QRW DQ RSWLRQ� WKH SXOVH UHSHWLWLRQ
IUHTXHQF\ RI WKH PRGH ORFNHG ODVHU LV XVXDOO\ JRYHUQHG E\ WKH 1\TXLVW FULWHULD� 7KH 1\TXLVW FULWHULD
DVVXPHV WKDW WKH LQSXW VLJQDO LV EDQGOLPLWHG �� � I � I

V
 �� EHIRUH EHLQJ VDPSOHG� 7KH 1\TXLVW

WKHRUHP� KRZHYHU� RQO\ SODFHV D OLPLWDWLRQ RQ WKH LQIRUPDWLRQ WKDW FDQ EH GHULYHG IURP D VLQJOH VHW
RI VDPSOHG GDWD� 7KDW LV� D VLQJOH VHW RI GLJLWL]HG GDWD OLPLWV VXEVHTXHQW DQDO\VLV WR DQ IV � EDQG�
ZLGWK XQOHVV WKHUH LV DGGLWLRQDO LQIRUPDWLRQ DYDLODEOH� :LWK DGGLWLRQDO LQIRUPDWLRQ� WKH IUHTXHQF\
FRPSRQHQWV I ! IV �� ZKLFK DSSHDU DPELJXRXVO\ GXH WR XQGHUVDPSOLQJ� PD\ EH UHVROYHG�

7KHUH DUH VHYHUDO DGYDQWDJHV WR DQ RSWLFDO XQGHUVDPSOLQJ UHFHLYHU� $PRQJ WKHVH LV WKH UHGXFWLRQ
LQ VDPSOLQJ VSHHG QHFHVVDU\ IURP WKH GHWHFWRUV� 7KH UHFHLYHU GHVLJQ SUHVHQWHG LQ WKLV VHFWLRQ XVHV
D &: ODVHU HOLPLQDWLQJ WKH UHTXLUHPHQW IRU KLJK�EDQGZLGWK SXOVHG�ODVHUV� 7KH PDLQ SUREOHP LQ
DQ XQGHUVDPSOHG V\VWHP LV LGHQWLI\LQJ WKH IUHTXHQFLHV SUHVHQW �UHVROXWLRQ RI WKH DPELJXLWLHV�� 2QH
SDUWLFXODU DSSURDFK H[SORLWV WKH UHODWLRQVKLS EHWZHHQ WKH GLVFUHWH )RXULHU WUDQVIRUP �')7� DQG WKH
V\PPHWULFDO QXPEHU V\VWHP �616� WR UHVROYH DOO WKH DPELJXLWLHV H[DFWO\ >��@� 7KH ')7 QDWXUDOO\
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HQFRGHV WKH IUHTXHQF\ LQIRUPDWLRQ RI D VLJQDO LQ D IRUPDW WKDW LV LQ WKH VDPH IRUP DV WKH 616�

&RQVHTXHQWO\� DOLDVHV WKDW UHVXOW IURP XQGHUVDPSOLQJ D VLJQDO FDQ EH UHVROYHG H[DFWO\ XVLQJ U w �

FKDQQHOV� 8VLQJ WKH 616 SURSHUWLHV RI WKH ')7� WKH XQGHUVDPSOLQJ DOLDVHV FDQ EH HDVLO\ UHVROYHG WR

D PXFK JUHDWHU H[WHQW WKDQ SUHYLRXVO\ SRVVLEOH� ,Q 6HFWLRQ ���� ZH GHWDLO WKH UHODWLRQVKLS EHWZHHQ

WKH ')7 DQG WKH 616� :H WKHQ SUHVHQW LQ 6HFWLRQ ���� DQ RSWLFDO XQGHUVDPSOLQJ ')7 UHFHLYHU

FRQFHSW IRU LGHQWLI\LQJ D VLQJOH �ZLGHEDQG� IUHTXHQF\�

���� 7KH ')7 DQG 616 5HODWLRQVKLS

&RQVLGHU D VLQJOH�IUHTXHQF\ VLJQDO VDPSOHG DW WZR GLmHUHQW VDPSOLQJ IUHTXHQFLHV� 'LJLWDO XQLIRUP

VDPSOLQJ RI DQ DQDORJ ZDYHIRUP ZLWK IUHTXHQF\ I SURGXFHV D GLVFUHWH VSHFWUXP WKDW LV V\PPHWULFDO

DERXW WKH VDPSOLQJ IUHTXHQF\ IV �� $VVXPH IRU WKLV V\VWHP WKDW WKH WZR VDPSOLQJ IUHTXHQFLHV DUH

IV�  �� DQG IV�  ��� $IWHU VDPSOLQJ� DQ DQDORJ LQSXW VLJQDO [�W� EHFRPHV D GLVFUHWH VHTXHQFH

[�Q7 �� 7KLV SHULRGLF VHTXHQFH KDV D GLJLWDO IUHTXHQF\ JLYHQ E\ �  �{�I IV�� $ VLJQDO ZLWK GLJLWDO

IUHTXHQF\ � � � � { LV LQGLVWLQJXLVKDEOH IURP D VLJQDO ZLWK GLJLWDO IUHTXHQF\ Q{ � � � �Q � ��{�

Q  �� �� �� c c c � ZKLFK LV DQ HmHFW NQRZQ DV DOLDVLQJ�

7KH GLJLWDO IUHTXHQF\ RI D VDPSOHG VLQXVRLG FDQ EH PDSSHG LQWR WKH ]�GRPDLQ DV VKRZQ LQ

)LJ� ��D� )RU VLPSOLFLW\� DVVXPH DV VLQXVRLG [�W�  � FRV �{IW� DQG DIWHU VDPSOLQJ

[�Q�  � FRV�Q  H
M�Q � H

bM�Q
� ����

,I I  IV �� WKLV FRUUHVSRQGV WR �  { �� ,I I  IV �� �  {� 6LQFH WKH VLJQDO LV UHDO� WKH VLJQDO

SROHV DSSHDU LQ FRPSOH[ FRQMXJDWH SDLUV RQ WKH ]�SODQH� )RU IUHTXHQFLHV EHWZHHQ IV � DQG IV� WKH

IUHTXHQFLHV PDS EDFN WR WKHLU FRQMXJDWH RQ WKH XSSHU KDOI RI WKH FRPSOH[ SODQH� ,I WKH IUHTXHQF\ LV

LQFUHDVHG EH\RQG IV� D IXOO WULS LV PDGH DURXQG WKH XQLW FLUFOH� DQG WKH PDSSLQJ UHSHDWV� )LJXUH ��E

LOOXVWUDWHV WKH PDSSLQJ ZLWK HDFK WULDQJOH UHSUHVHQWLQJ D IXOO URWDWLRQ DURXQG WKH XQLW FLUFOH LQ WKH

]�SODQH� 7KH DEVFLVVD UHSUHVHQWV WKH LQSXW DQDORJ IUHTXHQF\� ZKHUHDV WKH RUGLQDWH UHSUHVHQWV WKH

GLJLWDO IUHTXHQF\ PDSSLQJ� 1RWH WKDW DQ LQnQLWH QXPEHU RI DQDORJ IUHTXHQFLHV ZLOO PDS LQWR HDFK

GLJLWDO IUHTXHQF\ � � � � {�

5HFDOO WKDW WKH ')7 LV JLYHQ E\

;�N�  

1b�;
Q �

[�Q�HbM��{QN 1� N  �� c c c � 1 b � � ����

$SSOLFDWLRQ RI WKH ')7 WR [�Q� \LHOGV D GLVFUHWH VSHFWUXP� ZKHUH M;�N�M� LV WKH HQHUJ\ FRQWDLQHG

LQ WKH VLJQDO DW HDFK GLJLWDO IUHTXHQF\ �  �{N 1 � 7KH GLVFUHWH VSHFWUXP ;�N� KDV 1 LQGLFHV ZLWK

WKH GLJLWDO IUHTXHQF\ RI HDFK LQGH[ JLYHQ E\�
�� �{

�

1
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7KH DQDORJ IUHTXHQF\ FRUUHVSRQGLQJ WR HDFK LQGH[ LV REWDLQHG E\ PXOWLSO\LQJ HDFK YDOXH E\IV� 6LQFH

VLJQDOV ZLWK GLJLWDO IUHTXHQFLHV LQ WKH UDQJH { � � � �{ DUH LQGLVWLQJXLVKDEOH IURP VLJQDO ZLWK GLJLWDO

IUHTXHQFLHV � � � � {� WKH GLJLWDO IUHTXHQF\ RI HDFK LQGH[ FDQ DOVR EH ZULWWHQ DV�
�� �{

�

1
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�1 ��

1
� �{

�1 �b ��

1
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w
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)LJXUH ��� �D� ]�SODQH PDSSLQJ RI DQ LQSXW DQDORJ VLJQDO� �E� VDPSOHG IUHTXHQF\ RXWSXW�
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DQG �
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�
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� c c c � �{

E1 �F
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� �{

E1 �F

1
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�
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�
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w
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ZKHUH E[F UHSUHVHQWV WKH JUHDWHVW LQWHJHU OHVV WKDQ RU HTXDO WR [� 0RUH VLPSO\� WKH VSHFWUXP ;�N�

UHVROYHV LQWR 1 LQWHJHU LQGLFHV� DQG LQFRPLQJ VLJQDOV ZLOO PDS LQWR XQLTXH
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1

�
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1
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w
IRU 1 RGG � ����

7KDW LV� VLQFH IUHTXHQF\ LQGLFHV JUHDWHU WKDQ1 � DUH UHGXQGDQW IRU UHDO VLJQDOV� WKH KLJKHVW XQDOLDVHG

IUHTXHQF\ WKDW FDQ EH REVHUYHG FRUUHVSRQGV WR WKH1 � LQGH[� )URP WKH DERYH GLVFXVVLRQ� LW LV FOHDU

WKDW WKH ')7 PDSV UHDO VLJQDOV QDWXUDOO\ LQWR WKH V\PPHWULFDO QXPEHU V\VWHP >��@� ,Q WKLV FDVH�

WKH PRGXOXV GHVFULEHG LQ 5HI� >��@ LV WKH VDPSOLQJ IUHTXHQF\ IV� 7KH QXPEHU RI LQGLFHV 1 LV JLYHQ

E\ 1  I�7/� ZKHUH 7/ LV WKH WRWDO VDPSOLQJ WLPH�

)LJXUH �� RQ WKH QH[W SDJH LOOXVWUDWHV WKH ')7 PDSSLQJ IRU WZR FKDQQHOV� ZKHUH IV�  �� DQG

IV�  �� IRU LQSXW IUHTXHQFLHV I  � WR ��� ,Q WKLV FDVH� 7/  � VR WKDW 1�  �� DQG 1�  ��� ,Q

WKH nJXUH� WKH DEVFLVVD FRUUHVSRQGV WR WKH LQFRPLQJ IUHTXHQF\� ZKHUHDV WKH RUGLQDWH FRUUHVSRQGV WR

WKH ELQ LQWR ZKLFK WKH VLJQDO LV UHVROYHG� 7DEOH � RQ SDJH �� GLVSOD\V WKH LQSXW IUHTXHQF\ DQG WKH

UHVXOWLQJ ')7 ELQ IRU HDFK VDPSOLQJ IUHTXHQF\� 1RWH WKDW IUHTXHQFLHV UHVROYH DV GHVFULEHG LQ (TV� ��

DQG ��� %\ FRQVLGHULQJ ERWK FKDQQHOV� LW LV SRVVLEOH WR XQDPELJXRXVO\ UHVROYH VLJQDO IUHTXHQFLHV LQ

WKH G\QDPLF UDQJH GHWHUPLQHG E\ WKH 616 �� � I � ���� 7KH G\QDPLF UDQJH RI WKH UHFHLYHU LV

GHWHUPLQHG E\ WKH FROOHFWLRQ RI SDLUZLVH UHODWLYHO\ SULPH PRGXOL�

7KHRUHP �� /HW P�� c c c �PU EH SDLUZLVH UHODWLYHO\ SULPH PRGXOL� DQG OHW $�� $�� $�� c c c EH YHF�
WRUV IRUPHG E\ WKH V\PPHWULFDO QXPEHU V\VWHP JLYHQ E\ (TV� �� DQG ���

D� ,I RQH RI WKH PRGXOL �P�� LV HYHQ� WKHQ WKH G\QDPLF UDQJH RI WKH V\VWHP LV
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�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

)LJXUH ��� ')7 PDSSLQJ IRU LQSXW IUHTXHQFLHV I  � WR �� IRU �D� IV�  �� DQG �E� IV�  ���



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��
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�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

���� 2SWLFDO ')7 5HFHLYHU

,W LV ZHOO NQRZQ WKDW RSWLFDO GHYLFHV H[LVW WKDW FDQ FRPSXWH D WZR GLPHQVLRQDO ���'� )RXULHU WUDQV�
IRUP RU LWV LQYHUVH LQ XQLW WLPH� 2SWLFDO�FRPSXWLQJ WHFKQRORJ\ RmHUV QHZ FKDOOHQJHV WR DOJRULWKP
GHVLJQHUV VLQFH LW FDQ SHUIRUP DQ Q�SRLQW GLVFUHWH )RXULHU WUDQVIRUP �')7� RSHUDWLRQ� $ RQH�
GLPHQVLRQDO ���'� Q�SRLQW ')7 RSHUDWLRQ �RU LWV LQYHUVH� FDQ EH FRPSXWHG HpFLHQWO\ XVLQJ D VHULHV
RI Q ��' ')7V� 7KH DVVXPSWLRQ WKDW WKH ��' ')7 FDQ EH FRPSXWHG LQ XQLW WLPH LV DSSURSULDWH IRU
PDQ\ WKLQ �OLQHDU� RSWLFDO nOWHUV� 7KH VSKHULFDO OHQV JHQHUDWHV WKH )RXULHU WUDQVIRUP RI DQ LPDJH LQ
DQDORJ IRUP� $ ')7 JDWH FDQ EH LPSOHPHQWHG ZLWK VXFK D OHQV�EDVHG RSWLFDO GHYLFH� 7KH UHVXOWLQJ
DQDORJ LPDJH RQO\ QHHGV WR EH GLVFUHWL]HG LQ ERWK VSDFH DQG DPSOLWXGH WR LQWHUSUHW LW DV DQQ�SRLQW
')7� )XUWKHU GHWDLOV RQ WKH RSWLFDO ')7 DUH JLYHQ LQ 5HI� >��@� >��@�
)LJXUH �� VKRZV WKH EORFN GLDJUDP RI D WZR�FKDQQHO XQGHUVDPSOLQJ RSWLFDO ')7�616 UHFHLYHU

FRQFHSW ZLWK FKDQQHO PRGXOL P� DQG P�� 7KH DQWHQQD VLJQDO LV HpFLHQWO\ FRXSOHG LQWR WKH RSWLFDO
GRPDLQ XVLQJ D JXLGHG�ZDYH ZLGHEDQG LQWHUIHURPHWHU� 7KH DQWHQQD VLJQDO LV XVHG WR IUHTXHQF\
PRGXODWH WKH &: ODVHU OLJKW� 7KH OLJKW LV VSOLW LQWR WZR FKDQQHOV E\ D SRODUL]LQJ EHDP VSOLWWHU� 7R
WUDQVODWH WKH IUHTXHQF\ LQIRUPDWLRQ LQWR WKH VSDWLDO GRPDLQ WKH SRODUL]HG OLJKW LV VHQW WR WZR VHSDUDWH
GLmUDFWLRQ JUDWLQJV� 7KH GLmUDFWLRQ JUDWLQJ LV DQ RSWLFDO FRPSRQHQW WKDW VHUYHV WR SHULRGLFDOO\
PRGXODWH WKH SKDVH RU WKH DPSOLWXGH RI WKH LQFLGHQW ZDYH DQG LV XVXDOO\ PDGH RI D WUDQVSDUHQW
SODWH ZLWK SHULRGLFDOO\ YDU\LQJ WKLFNQHVV RU D SHULRGLFDOO\ JUDGHG UHIUDFWLYH LQGH[� &RQVLGHULQJ D
GLmUDFWLRQ JUDWLQJ ZKRVH WKLFNQHVV YDULHV SHULRGLFDOO\ ZLWK SHULRG e� WKH LQFLGHQW OLJKW �w ~ e�
WUDYHOLQJ DW DQ DQJOH tL ZLWK UHVSHFW WR WKH GLUHFWLRQ RI SURSDJDWLRQ LV GLmUDFWHG LQWR VHYHUDO SODQH
ZDYHV DW VPDOO DQJOHV JLYHQ E\
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T � I��h��h�� c c c � J ZKHUH T LV FDOOHG WKH GLmUDFWLRQ RUGHU�

)LJXUH ��� %ORFN GLDJUDP RI D WZR�FKDQQHO RSWLFDO XQGHUVDPSOLQJ ')7�616 UHFHLYHU�

7KH GLmUDFWLRQ JUDWLQJ VKRZQ LQ )LJ� �� RQ WKH IDFLQJ SDJH WUDQVODWHV WKH IUHTXHQF\ LQIRUPDWLRQ
LQWR WKH VSDWLDO GRPDLQ� 7KLV VSDWLDO GLVWULEXWLRQ LV WKHQ FROOLPDWHG LQWR WKH )RXULHU WUDQVIRUP
SURFHVVRU WKDW FRPSXWHV DQPL�SRLQW ')7� 7KH U PRGXOLPL PXVW EH SDLUZLVH UHODWLYHO\ SULPH� $IWHU



3KRWRQLF 6DPSOLQJ RI 6LJQDOV ��

FRPSXWDWLRQ RI WKH P��SRLQW ')7 DQG WKH P��SRLQW ')7� WKH OLJKW LPSLQJHV RQ D FRUUHVSRQGLQJ

QXPEHU RI ��' VSDWLDOO\ GLVWULEXWHG GHWHFWRU�WKUHVKROG JDWHV� (DFK GHWHFWRU�WKUHVKROG JDWH ZLWKLQ
WKH DUUD\ KDV D ]HUR RXWSXW YROWDJH XQOHVV WKH OLJKW LQWHQVLW\ FURVVHV D WKUHVKROG� 7KH SRVLWLYH

RXWSXW GHWHFWRU QXPEHU �D� FKDQQHO � DQG D� FKDQQHO �� FRUUHVSRQGV WR WKH ')7 ELQ RI WKH DQDORJ

IUHTXHQF\� 7KHVH ELQ QXPEHUV DUH WKHQ XVHG WR UHVROYH WKH LQFRPLQJ IUHTXHQF\� $ PDMRU DGYDQWDJH

)LJXUH ��� $ GLmUDFWLRQ JUDWLQJ GLUHFWV WZR ZDYHOHQJWKV w� DQG w� LQWR WZR GLUHFWLRQV t�� t� �VSHF�

WUXP DQDO\]HU��

RI WKLV RSWLFDO ')7 UHFHLYHU LV WKDW RQO\ D IHZ ')7 FRHpFLHQWV �GHWHFWRU�WKUHVKROGV� DUH UHTXLUHG
WR UHVROYH WKH DPELJXRXV VSDWLDO IUHTXHQFLHV� 5HVROXWLRQ RI WKH XQGHUVDPSOHG IUHTXHQF\ LV DFKLHYHG

E\ UHFRPELQLQJ WKH UHVXOWV RI WKHVH ORZ SUHFLVLRQ VXERSHUDWLRQV �GHWHFWRU�WKUHVKROG JDWHVD� DQG D��

XVLQJ DQ 616�WR�GHFLPDO DOJRULWKP >��@� )XUWKHU LQYHVWLJDWLRQ LQWR WKH IHDVLELOLW\ RI DQ RSWLFDO 616
')7 UHFHLYHU LV FXUUHQWO\ XQGHUZD\�

�� 1RQ�8QLIRUP 6DPSOLQJ -LWWHU

���� 6SHFWUXP 5HSUHVHQWDWLRQV RI 1RQ�8QLIRUPO\ 6DPSOHG 6LJQDOV

1RQ�XQLIRUP VDPSOLQJ WKHRU\ FDQ EH XVHG WR GHVFULEH VHYHUDO LPSRUWDQW FKDUDFWHULVWLFV RI MLWWHU� %\
XVLQJ DV\QFKURQRXV VSHFWUDO DYHUDJLQJ� WKLV VHFWLRQ GHYHORSV H[SUHVVLRQV IRU WKH VLJQDO�WR�QRLVH UDWLR

DORQJ ZLWK WKH H[SHFWHG QRLVH oRRU� 7R VWDUW� OHW

J�W�
)IcJ
�� *D��� ����

EH WKH )RXULHU WUDQVIRUP RI D WLPH GRPDLQ DQDORJ VLJQDO J�W� ZKHUH WKH VXEVFULSW D UHSUHVHQWV WKH

DQDORJ WUDQVIRUP RI D VLJQDO WKDW LV EDQGOLPLWHG �b� �7 � � �7 � >��@� 7KH DQDORJ VLJQDO J�W� LV
QRQ�XQLIRUPO\ VDPSOHG ZLWK RYHUDOO SHULRG 07 DV VKRZQ LQ )LJ� �� RQ WKH QH[W SDJH� 7KH VDPSOHG

GDWD VHTXHQFH LV WUHDWHG DV LI LW ZHUH REWDLQHG E\ VDPSOLQJ DQRWKHU IXQFWLRQ xJ�W� �DOVR EDQG OLPLWHG�



�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

DW D XQLIRUP UDWH �� 7 �� 7KH JRDO LV WR nQG WKH GLJLWDO VSHFWUXP RI xJ�W� LQ WHUPV RI *D���� /HW WKH

RULJLQDO VDPSOHG GDWD VHTXHQFH EH UHSUHVHQWHG E\ >��@
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'HFRPSRVLQJ 6 LQWR 0 VXEVHTXHQFHV ZH KDYH
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REWDLQHG E\ XQLIRUP VDPSOLQJ J�W� WP� DW D UDWH RI � 07 �

)LJXUH ��� 1RQ�XQLIRUPO\ VDPSOHG GDWD VHTXHQFH�

7R UHFRQVWUXFW 6� 0 b � ]HURV DUH LQVHUWHG EHWZHHQ WKH VDPSOHV LQ DOO VXE�VHTXHQFHV 6P IRU

P  � WR 0 b �� 7KDW LV�

x6P  >J�WP�� �� c c c � �0 b � ]HURV�� J�W0�P�� �� �� c c c@ � ����

6HFRQG� x6P LV VKLIWHG P SRVLWLRQV WR WKH ULJKW IRU P  � WR 0 b �� L�H��

x6P]bP  >�P ]HURV�� J�WP�� �0 b � ]HURV�� J�W0�P�� �� �� c c c@ � ����

7KLUG� DOO RI WKH VXE�VHTXHQFHV DUH VXPPHG XS WR REWDLQ WKH RULJLQDO VHTXHQFH 6
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������ 6SHFLnF &DVH

$V D VSHFLnF FDVH� WKH GLJLWDO VSHFWUXP RI QRQ�XQLIRUPO\ VDPSOHG VLQXVRLG LV H[DPLQHG� &RQVLGHU D
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7KH MLWWHU LV QRZ FRQVLGHUHG WR EH WKH UHVXOW RI LQGHSHQGHQW UDQGRP VDPSOLQJ� )RU LQGHSHQGHQW
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�� 3KRWRQLF 6DPSOLQJ RI 6LJQDOV

,I ZH DVVXPH mP LV XQLIRUPO\ GLVWULEXWHG EHWZHHQ bD � WR D � �XQLIRUP VDPSOLQJ��
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7KH TXHVWLRQ ZH ZRXOG OLNH WR DQVZHU LV KRZ GRHV WKH 6�1 EHKDYH QHDU WKH RULJLQ LI mP� P  

�� �� �� c c c �0 b � KDV D QRUPDO GLVWULEXWLRQ" 7KLV QRUPDO DSSUR[LPDWLRQ LV D JRRG QRLVH PRGHO

IRU VDPSOLQJ MLWWHU� )LUVW ZH VXEVWLWXWH H�{
�}� IRU Mj��{�M LQ WKH DERYH H[SUHVVLRQ ZKHUH } LV WKH

VWDQGDUG GHYLDWLRQ �V�W�G�� RI mP  �UPI�� IV� 7KHQ D 7D\ORU VHULHV H[SDQVLRQ RI WKH ORJ IXQFWLRQ

DUJXPHQW LV FRQVWUXFWHG UHWDLQLQJ RQO\ WKH nUVW VLJQLnFDQW WHUP >��@
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7R LQYHVWLJDWH WKH QRLVH oRRU� ZH WDNH D VLQXVRLGDO ZDYHIRUP RI UHFRUG OHQJWK1 DQG DQ ))7 RI

VL]H 1 � 7KHQ ZH PHDVXUH WKH 6�1� :H FDQ XVH WKH UHVXOW DERYH WR GHULYH WKH V�W�G� }U RI WKH FORFN
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ZKHUH ZH KDYH VXEVWLWXWHG }  }UI� IV DQG EURXJKW WKH
S
�� WR WKH ODVW WHUP� ,Q D SUDFWLFDO

HQYLURQPHQW� RWKHU IDFWRUV VXFK DV KDUPRQLF GLVWRUWLRQ� '& RmVHW� DQG WKH VWRFKDVWLF QDWXUH RI

FORFN MLWWHU PD\ VKLIW WKH 615 DQG REVFXUH WKH PHDVXUHPHQW UHVXOW� 7KH VROXWLRQ KHUH LV WR XVH

DV\QFKURQRXV VSHFWUDO DYHUDJLQJ DV VKRZQ LQ )LJ� ��� 6LQFH ZH PHDVXUH WKH 6�1 oRRU UDWLR� ZH QHHG

WR DGMXVW WKH DERYH HTXDWLRQ DV IROORZV
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1RWH WKDW WKH �1 b �� 1 WHUP LV GURSSHG �{ ��� $OVR� WKH IDFWRU RI 1 DFFRXQWV IRU WKH IDFW WKDW

WKH QRLVH SRZHU RI WKH MLWWHU LV XQLIRUPO\ GLVWULEXWHG DPRQJ DOO 1 IUHTXHQF\ ELQV� 7KH IDFWRU RI �

LV WKH DGMXVWPHQW IRU WKH FRQYHUVLRQ EHWZHHQ WKH VLQXVRLG DQG WKH FRPSOH[ H[SRQHQWLDO HM��W� (% LV

WKH DGMXVWPHQW IRU WKH ZLQGRZ IXQFWLRQ XVHG LQ WKH ))7�

������ 6LPXODWLRQ 5HVXOWV

,Q RUGHU WR YHULI\ WKH H[SUHVVLRQV DERYH D VLPXODWLRQ ZDV XVHG >��@� $ IRXU�WHUP %ODFNPDQ�+DUULV

ZLQGRZ �(%  �� ZLWK VDPSOLQJ IUHTXHQF\ IV  �� 0+]� DQG VLJQDO IUHTXHQF\ I�  �� ���� ���

+] LV XVHG ZLWK 1  ��� DQG ZKHUH }U  ����� ������� 7KH UHVXOWV DUH VKRZQ LQ )LJ� �� RQ WKH

QH[W SDJH� )URP (T� ���� WKH 6 1�oRRU UDWLR�  �� G% ZKLFK DJUHHV FORVHO\ WKH VLPXODWLRQ UHVXOWV�

8VLQJ WKH VDPH GHJUHH RI VDPSOLQJ XQFHUWDLQW\� WKH VLPXODWLRQ UHVXOWV DUH QRZ UXQ ZLWK1  ����
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)LJXUH ��� $V\QFKURQRXV VSHFWUDO DYHUDJLQJ�

)LJXUH ��� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU�WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ���� I� ��������� +] DQG }U  ������ �)URP >��@��
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)LJXUH ��� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU�WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ���� I� ��������� +] DQG }U  ������ �)URP >��@��

)LJXUH ��� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ����� I� ��������� +] DQG }U  ������ �)URP >��@��
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DQG 1  ����� 7KH SUHGLFWHG QRLVH oRRUV DUH b�� G% DQG b�� G%� UHVSHFWLYHO\� 6LPXODWLRQ UHVXOWV

DUH VKRZQ LQ )LJ� �� RQ WKH SUHFHGLQJ SDJH DQG )LJ� �� RQ WKH IDFLQJ SDJH� UHVSHFWLYHO\� DQG VKRZ

FORVH DJUHHPHQW ZLWK WKH SUHGLFWHG YDOXHV� 8VLQJ WKH VLPXODWLRQ ZLWK I�  �� ���� ��� +]� WKH

QRLVH oRRU LV SUHGLFWHG WR EH b�� G% �DV YHULnHG LQ )LJ� ���� &KDQJLQJ WKH MLWWHU FRPSRQHQW ZLWK

}U  ����� WKH QRLVH oRRU LV SUHGLFWHG WR EH b�� G%� )LJXUH �� VKRZ WKH VLPXODWLRQ UHVXOWV IRU WKLV

FDVH DQG� DJDLQ� VKRZV JRRG DJUHHPHQW ZLWK WKH SUHGLFWHG UHVXOWV�

)LJXUH ��� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU�WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ����� I� ��������� +] DQG }U  ������ �)URP >��@��

)LJXUH ��� 6LPXODWLRQ UHVXOWV XVLQJ D IRXU WHUP %ODFNPDQ�+DUULV ZLQGRZ �(%  ��� D VDPSOLQJ

IUHTXHQF\ RI �� 0+]� 1 ����� I� ��������� +] DQG }U  ����� �)URP >��@��
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7KH TXHVWLRQ LV� ZLWK VR PDQ\ QRLVH VRXUFHV SUHVHQW� KRZ GRHV RQH XWLOL]H WKHVH UHVXOWV" 7R

GHWHUPLQH LI FORFN MLWWHU LV WKH GRPLQDQW VRXUFH� WZR LQSXW IUHTXHQFLHV DUH XVHG ZKHUH RQH LV KDOI RI

WKH RWKHU DQG SHUIRUP VSHFWUDO DYHUDJLQJ� ,I WKH QRLVH oRRU GURSV E\ � G% ZKHQ WKH LQSXW IUHTXHQF\

LV UHGXFHG E\ RQH�KDOI� WKHQ WKH MLWWHU LV GRPLQDQW� ,I WKH QRLVH oRRU GRHV QRW PRYH DW DOO� WKHQ RWKHU

QRLVH VRXUFHV �WKHUPDO� TXDQWL]DWLRQ� DUH IDU PRUH VLJQLnFDQW�

������ 2WKHU -LWWHU 0RGHOV

2WKHU PRGHOV IRU HVWLPDWLRQ RI MLWWHU KDYH EHHQ SURSRVHG� 7KHPRGHO GHVFULEHG LQ 5HI� >��@ DVVXPHV

WKH WRWDO MLWWHU LV FRPSRVHG RI VDPSOLQJ FLUFXLW MLWWHU� DQDORJ LQSXW VLJQDO MLWWHU� DQG VDPSOLQJ FORFN

MLWWHU� 8VLQJ WKLV PRGHO� WKH MLWWHU LV EURNHQ XS LQWR WKUHH FRPSRQHQWV� 7R HYDOXDWH WKH PRGHO

D SUHFLVH PHWKRG IRU PHDVXULQJ MLWWHU LV GHYLVHG� 7KH PHWKRG GRHV QRW UHTXLUH SUHFLVH GHOD\ DG�

MXVWPHQWV EHWZHHQ WKH DQDORJ LQSXW VLJQDO DQG WKH VDPSOLQJ FORFN� EHFDXVH LW LV EDVHG RQ VDPSOHG

VLQH�ZDYH 615 FDOFXODWLRQV� 7KH DFFXUDF\ DQG VSHHG OLPLWDWLRQV RI FRQYHUWHUV DUH DOVR GLVFXVVHG

DQG LW LV VKRZQ WKDW WKH MLWWHU VXSSUHVVLRQ EDQGZLGWK LV LPSRUWDQW IRU WKH GHVLJQ RI KLJK�SUHFLVLRQ�

KLJK�VSHHG FRQYHUWHUV� )XUWKHU ZRUN E\ >��@ KDV VKRZQ WKDW PHDVXULQJ WKH 615 RI MLWWHUHG VLQXVRLGV

DJUHHV PRUH DFFXUDWHO\ ZLWK VLPXODWLRQV ZKHQ WKH VLQXVRLG LV GHVFULEHG E\ WZR FRPSOH[ H[SRQHQWLDOV

UDWKHU WKDQ E\ RQH FRPSOH[ H[SRQHQWLDO� 7KLV ZRUN DOVR VKRZV WKDW WKH DPSOLWXGH VWDWLVWLFV DUH YHU\

VHQVLWLYH WR WKH 7D\ORU VHULHV DSSUR[LPDWLRQ XVHG�

'XH WR WKH LQWHUHVW LQ KLJKHU RUGHU VSHFWUD� LQYHVWLJDWLRQ RI WKH HmHFW RI VDPSOLQJ MLWWHU RQ

WKH GLVFUHWH KLJKHU�WKDQ�RUGHU�WZR VSHFWUD KDV DOVR EHHQ UHSRUWHG >��� ��@� ,Q WKLV ZRUN UHVXOWV

FRQFHUQLQJ WKH ELVSHFWUXP �WKLUG RUGHU VSHFWUXP� DUH UHSRUWHG� ([SUHVVLRQV IRU WKH ELVSHFWUXP RI

VDPSOHG GDWD XQGHU WKH DVVXPSWLRQ WKDW WKH WLPLQJ HUURUV DUH LQGHSHQGHQWO\ LGHQWLFDOO\ GLVWULEXWHG

UDQGRP YDULDEOHV� ,W LV VKRZQ WKDW� ZKLOH WKH GLVFUHWH ELVSHFWUXP RI D XQLIRUPO\ VDPSOHG WKLUG RUGHU

VWDWLRQDU\ VLJQDO LV ]HUR LQ D WULDQJOH WKDW LV D SURSHU VXEVHW RI WKH SULQFLSDO GRPDLQ� LW GLmHUV IURP

]HUR LQ WKH SUHVHQFH RI MLWWHU� ([SORLWLQJ WKLV HmHFW� D WHVW IRU WKH GHWHFWLRQ RI VDPSOLQJ MLWWHU DQG

HVWLPDWLQJ LW YDULDQFH LV SUHVHQWHG� $OVR WKH DSSOLFDWLRQ RI WKH 'LULFKOHW WUDQVIRUP KDV EHHQ XVHG

LQ WKH DQDO\VLV RI QRQXQLIRUPO\ VDPSOHG VLJQDOV >��@� 7KH 'LULFKOHW WUDQVIRUP LV ZHOO VXLWHG WR WKH

DQDO\VLV RI QRQXQLIRUP VDPSOHV VLQFH WKH VSHFWUXP SUHVHUYHV LQIRUPDWLRQ DERXW VDPSOLQJ LQVWDQWV

EHFDXVH D QRQXQLIRUPO\ VDPSOHG VLJQDO LV QRW WUHDWHG DV D VHTXHQFH RI VDPSOHV EXW DV D IXQFWLRQ

RI WKH VDPSOLQJ LQVWDQWV �XQOLNH WKH =�WUDQVIRUP�� 7KLV ZRUN SUHVHQWV WKH EDVLF SURSHUWLHV RI WKH

'LULFKOHW WUDQVIRUP DQG WKH LQYHUVH 'LULFKOHW WUDQVIRUP LQ WKH DQDO\VLV RI QRQXQLIRUPO\ VDPSOHG

VLJQDOV�

���� 5HFRQVWUXFWLRQ RI 6LJQDOV IURP 1RQXQLIRUP 6DPSOHV

7KH DELOLW\ WR UHFRYHU WKH RULJLQDO VLJQDO IURP WKH QRQXQLIRUP RSWLFDO VDPSOHV FDQ KHOS UHOD[ WKH

UHTXLUHPHQWV RQ WKH PRGH�ORFNHG ODVHU VDPSOLQJ MLWWHU� 5HFRQVWUXFWLRQ RI D ORZSDVV VLJQDO IURP WKH

VDPSOHV FRQWDLQLQJ MLWWHU �QRQXQLIRUP VDPSOHV� FDQ EH DFFRPSOLVKHG XVLQJ LWHUDWLYH WHFKQLTXHV >��^

��@� *LYHQ WKH QRQXQLIRUP VDPSOHV [V�W�  
3

,
[�W,�p�W b W,� ZKHUH IWNJ LV D VWDEOH VDPSOLQJ VHW�

WKH IROORZLQJ LWHUDWLYH PHWKRG ZLOO UHFRYHU WKH EDQG�OLPLWHG nQLWH HQHUJ\ VLJQDO[�W� IURP [V�W�� L�H��

[N���W�  w36[�W� � �3 b w36�[N�W� �����

ZKHUH w� [�W� DQG [N�W� DUH D FRQYHUJHQFH FRQVWDQW� WKH RULJLQDO nQLWH HQHUJ\ VLJQDO DQG WKH NWK

LWHUDWLRQ� UHVSHFWLYHO\� 3 DQG 6 DUH UHVSHFWLYHO\� WKH EDQG OLPLWLQJ DQG LGHDO QRQXQLIRUP VDPSOLQJ

RSHUDWRUV� 36[�W� LV WKH ORZSDVV nOWHUHG YHUVLRQ RI WKH LGHDO QRQXQLIRUP VDPSOHV ZKLFK LV NQRZQ�

7KLV SURFHVV ZLOO FRQYHUJH WR D VWDEOH SRLQW ZKLFK LV HTXDO WR WKH GHVLUHG VLJQDO [� 7KH LWHUDWLYH

PHWKRG FDQ DOVR EH LPSOHPHQWHG LQ D IHHGEDFN V\VWHP DV GLVFXVVHG LQ >��@� 5HFRYHU\ RI D EDQGSDVV
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VLJQDO IURP D VHW RI QRQXQLIRUP VDPSOHV LV GLVFXVVHG LQ >��@� ,I WKH QRQXQLIRUP VDPSOLQJ VHW IWNJ
VDWLVnHV FHUWDLQ FRQGLWLRQV� WKHQ WKH QRQXQLIRUP VDPSOHV RI WKH FRPSOH[ H[WHQVLRQ RI D EDQGSDVV
VLJQDO [F�W�  $�W�HM>�FW���W�@ ZKHUH $�W� LV WKH HQYHORSH DQG �F  �{IF LV WKH FHQWUDO IUHTXHQF\ RI
WKH EDQGSDVV VLJQDO XQLTXHO\ GHWHUPLQHV WKH EDQGSDVV VLJQDO� 7KH /DJUDQJH LQWHUSRODWLRQ IRUPXOD
LV

[F�W�  
;

N

[F�WN�H
M�F�WbWN��N�W� �����

ZKHUH �N�W� LV WKH /DJUDQJH LQWHUSRODWLRQ IXQFWLRQ >��@� 7KHVH PHWKRGV DUH FXUUHQWO\ EHLQJ VWXGLHG
IRU GLUHFW DSSOLFDWLRQ WR WKH RSWLFDO VDPSOLQJ PHWKRGV GHVFULEHG�

���� 6XPPDU\ RI 2SWLFDO 6LJQDO 3URFHVVLQJ

:KHQ VDPSOLQJ ZLGHEDQG VLJQDOV ZLWK RSWLFDO SXOVHV� D QXPEHU RI FRQVWUDLQWV DUH SODFHG RQ WKH ODVHU
SHUIRUPDQFH VXFK DV WKH SXOVH UHSHWLWLRQ IUHTXHQF\ �35)�� WKH RSWLFDO SXOVH ZLGWK DQG WKH YDULDWLRQ
LQ VDPSOLQJ WLPH �RU MLWWHU�� 7KH KDUGHVW VSHFLnFDWLRQ WR PHHW ZLWK WKHVH W\SHV RI VDPSOLQJ ODVHUV
LV WKH MLWWHU UHTXLUHPHQW� 7R DPSOLWXGH DQDO\]H WKH DPSOLWXGH PRGXODWHG ODVHU SXOVH LQWR D QXPEHU
RI TXDQWL]DWLRQ OHYHOV� H[WUHPHO\ VPDOO MLWWHU WLPHV PXVW EH DFKLHYHG �H�J�� �� IV�� ,Q 3DUW ,,� VHYHUDO
DOJRULWKPV DQG RSWLFDO VLJQDO SURFHVVLQJ FRQFHSWV KDYH EHHQ GHVFULEHG WKDW DWWHPSW WR UHOD[ WKLV
VWULQJHQW MLWWHU UHTXLUHPHQW� %RWK LQWHJUDWHG DQG EXON RSWLF RYHUVDPSOLQJ DUFKLWHFWXUHV KDYH EHHQ
LQYHVWLJDWHG� 2YHUVDPSOLQJ DUFKLWHFWXUHV LQWHJUDWH RXW WKH HUURUV UHVXOWLQJ IURP VDPSOLQJ MLWWHU DQG
WDNH DGYDQWDJH RI WKH DYDLODELOLW\ RI KLJK 35) ODVHUV� 7R LQYHVWLJDWH WKH GHWHFWLRQ RI IUHTXHQFLHV
WKDW DUH DERYH WKH 1\TXLVW UDWH IV �� DQ RSWLFDO ')7 ��FKDQQHO UHFHLYHU KDV EHHQ LQYHVWLJDWHG�
7KLV RSWLFDO UHFHLYHU FRQFHSW H[SORUHV WKH UHODWLRQVKLS RI WKH RSWLFDO ')7 DQG WKH V\PPHWULFDO
QXPEHU V\VWHP LQ UHVROYLQJ WKH IUHTXHQF\ DPELJXLWLHV WKDW DULVH GXH WR XQGHUVDPSOLQJ D ZLGHEDQG
VLJQDO� )LQDOO\� QRQ�XQLIRUP VDPSOLQJ WKHRU\ KDV EHHQ LQYHVWLJDWHG LQ RUGHU WR HVWLPDWH WKH MLWWHU
FRPSRQHQW SUHVHQW LQ WKH VSHFWUXP RI D VDPSOHG VLJQDO� 5HODWLRQVKLSV DUH JLYHQ IRU HVWLPDWLQJ WKH
MLWWHU IURP ERWK WKH PDJQLWXGH DQG PDJQLWXGH VTXDUHG VSHFWUXP� $Q LQYHVWLJDWLRQ LQWR D VHW RI
LWHUDWLYH DOJRULWKPV WR UHPRYH WKH MLWWHU IURP WKH VDPSOHV KDV DOVR EHHQ LQLWLDWHG�
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3DUW ,,,

$SSHQGLFHV

$ 5HYLHZ RI 'HULYDWLRQV

7KH IROORZLQJ GHULYDWLRQ LV WDNHQ IURP 5HI� >�@�

$�� 6\VWHP -LWWHU

:H ZDQW WR nQG WKH HUURU GXH WR D PLVORFDWLRQ RI WKH VDPSOLQJ WLPH� 6XSSRVH WKDW D VDPSOLQJ SXOVH
LV H[SHFWHG DW WLPH WL��  WL�cW� EXW� LQVWHDG� LW DUULYHV DW WL��  WL�cW�  WL�cW� pW� 6XSSRVH�
DOVR� WKDW ZH DUH WU\LQJ WR VDPSOH D VLQH�ZDYH VLJQDO RI WKH IRUP 9  $ VLQ��{IPW�� �7KH IUHTXHQF\
IP LV JRLQJ WR EH WKH PD[LPXP IUHTXHQF\ LQ WKH VLJQDO�� $Q HUURU YROWDJH ZLOO UHVXOW� JLYHQ E\

p9  $ IVLQ >��{IP�WL �cW��@b VLQ >��{IP�WL �cW��@J � �����

)RU VPDOO YDOXHV RI pW� WKLV UHGXFHV WR

p9  �{IP$ pW FRV >�{IP�WL �cW�@ � �����

7KH PD[LPXP PDJQLWXGH IRU WKLV HUURU YROWDJH LV

Mp9PD[M  �{IP$pWPD[ � �����

:H QRWH WKDW pWPD[ LV WKH PD[LPXP WLPLQJ HUURU WKDW LV H[SHFWHG�
:H UHTXLUH WKDW WKH YROWDJH HUURU LQ WKH $'& EH OHVV WKDQ RQH KDOI RI WKH YROWDJH FRUUHVSRQGLQJ

WR WKH OHDVW VLJQLnFDQW ELW RI WKH FRQYHUWRU� L�H��

Mp9PD[M �
c9

�
 
�

�

t
�$

�1

u
 

$

�1
� �����

+HQFH� ZH ZDQW WR HQVXUH WKDW WKH WLPLQJ HUURU LV

pWPD[ �
�

�1��{IP
� �����

7KLV LV (T� � LQ WKLV UHSRUW�

$�� 6\VWHP SXOVH ZLGWK

7KH PD[LPXP HUURU GXH WR WKH nQLWH SXOVH ZLGWK RI WKH VDPSOLQJ SXOVH� c7 � LV DOVR REWDLQHG E\
FRQVLGHULQJ D YROWDJH VLJQDO RI WKH IRUP 9  $VLQ��{IPW�� 7KH HUURU LQ WKH YROWDJH DW D VDPSOLQJ
WLPH WL LV

p9  

=
WL��c7 ��

WLb�c7 ��

$ VLQ��{IPW�

c7
GWb$ VLQ��{IPWL� � �����

ZKHUH c7 LV WKH GXUDWLRQ RI WKH LQWHUDFWLRQ �L�H�� WKH GXUDWLRQ RI WKH RSWLFDO SXOVH SOXV WKH RSWLFDO
WUDQVLW WLPH RI WKH PRGXODWRU
V HOHFWURGHV�� $ 7D\ORU H[SDQVLRQ IRU WKH VLQH ZDYH DERXW WL LV

VLQ �{IPW�  VLQ��{IPWL� � �{IP FRV��{IPWL� �Wb WL� �
��{IP�

� FRV��{IPWL� �Wb WL�
�

�
� � � � �����
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,QVHUWLQJ WKH H[SDQVLRQ LQWR (T� ��� DQG HYDOXDWLRQ RI WKH LQWHJUDO JLYHV �WR WKH ORZHVW RUGHU RI c7 ��

p9  
��{IPc7 �

�$ VLQ��{IPWL�

�
� �����

7KH PD[LPXP YDOXH RI WKLV HUURU LV

p9 PD[  
��{IPc7 �

�$

�
� �����

UHTXLULQJ WKDW WKH PD[LPXP HUURU EH OHVV WKDQ RQH�KDOI RI c9 � JLYHV

c7 �
S
�

{IP
S
�1b�

� �����

7KLV ZDV LQWURGXFHG DV (T� � HDUOLHU LQ WKLV UHSRUW� )RU H[DPSOH� LI1  � DQG IP  ��� 0+]� WKHQ
p7 � ��� SV� )RU D OLWKLXP�QLREDWH PRGXODWRU �Q  ����� DQG WKH WUDQVLW WLPH LV �� SV SHU FP RI
PRGXODWRU HOHFWURGH� ,I WKLV OHQJWK ZHUH ��� FP� WKH WUDQVLW WLPH LV ��� SV� VR WKH SXOVH ZLGWK ZRXOG
EH �� SV � ���b �� SV��

% 5HYLHZ RI $XWRFRUUHODWRU 0HDVXUHPHQWV

7KH IROORZLQJ VHFWLRQ VXPPDUL]HV WKH XVH RI DQ RSWLFDO DXWRFRUUHODWRU WR HVWLPDWH WKH SXOVH GXUDWLRQ
RI D VKRUW SXOVH� ,W IROORZV WKH WUHDWPHQW IRXQG LQ 5HI� >��@� )LJXUH � VKRZ WKH OD\RXW RI WKH
FRUUHODWRU� 7KH NH\ LV LQ WKH JHQHUDWLRQ RI WKH VHFRQG�KDUPRQLF FRPSRQHQW LQ WKH FU\VWDO� ,I DQ
RSWLFDO SXOVH RI WKH IRUP

H��W�  5H>(��W�H
M�W@ � �����

LV LQFLGHQW RQ D QRQOLQHDU FU\VWDO� LW JHQHUDWHV DQ RXWSXW SXOVH H��W� DW WZLFH WKH IUHTXHQF\� JLYHQ E\

H��W�  5H>(��W�H
M��W@ � 5H>(�

�
�W�HM��W@ � �����

,Q RXU FRUUHODWRU� ZH ZLOO KDYH WZR SXOVHV SUHVHQW� RQH RULJLQDO SXOVH DQG RQH SXOVH WKDW LV DGYDQFHG
�RU GHOD\HG� E\ ~ VHFRQGV GXH WR WKH SDWK OHQJWK GHOD\V RI WKH LQWHUIHURPHWHU� +HUH�

~  
Qc/

F
� �����

ZKHUH Q LV WKH LQGH[ RI WKH SDWK GLmHUHQFH �IUHTXHQWO\ DLU�� c/ LV WKH SDWK GLmHUHQFH EHWZHHQ WKH
WZR SDWKV LQ WKH LQWHUIHURPHWHU� DQG F LV WKH YDFXXP VSHHG RI OLJKW� +HQFH� ZH nQG WKH WRWDO ZDYH
LQ WKH FU\VWDO� (WRWDO� DV

(WRWDO  5H
j
>(��W� �(��Wb ~ �HbM�~ @HM�W

k
 5H>(WRWDO�W�H

M�W@ �����

DQG� VR� ZH nQG WKDW
(WRWDO�W�  (��W� �(��Wb ~ �HM�~ � �����

$FFRUGLQJ WR (T� ���� WKH DPSOLWXGH RI WKH VHFRQG�KDUPRQLF LV SURSRUWLRQDO WR WKH VTXDUH RI WKH
DPSOLWXGH RI WKH WRWDO LQFLGHQW ZDYH� VR

(��W� � >(��W� �(��Wb ~�HbM�~ @�

 (�

�
�W� �(�

�
�Wb ~ �HbM��~ � �(��W�(��Wb ~ �HbM�~ �����
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7KH RXWSXW RI WKH FU\VWDO� H��W�  5H>(��W�H
M��W@� LV LQFLGHQW RQ D SKRWRPXOWLSOLHU �ZLWK DQ

RSWLFDO nOWHU WR EORFN DQ\ UHVLGXH RI WKH LQFLGHQW OLJKW�� 7KH RXWSXW FXUUHQW RI WKH GHWHFWRU� LG�W�� LV
SURSRUWLRQDO WR WKH LQWHQVLW\ RI WKH LQFLGHQW OLJKW� RU

LG�W� � (��W�(
e

� �W�  >(��W�(
e

� �W�@
� � >(��Wb ~ �(e

� �Wb ~ �@� � �(��W�(
e

� �W�(��Wb ~ �(e

� �Wb ~ � � V�W� �

�����
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+HQFH� WKH DXWRFRUUHODWLRQ FXUYH IRU D ZHDNO\ FRKHUHQW VRXUFH ORRNV OLNH WKDW LQ )LJ� ��E� :KLOH WKH
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7KH GHWHUPLQDWLRQ RI WKH SXOVH ZLGWK RI WKH RULJLQDO SXOVHV� ~� IURP WKH PHDVXUHG ZLGWK RI WKH

DXWRFRUUHODWLRQ FXUYH� W�� FDQ EH GHWHUPLQHG IURP (T� ��� RQ SDJH ��� �1RWH WKDW WKH ZLGWK RI WKH
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RI WKH SHGHVWDO� 7DEOH �� >��@ VKRZV YDOXH RI W� ~� IRU WKUHH ?VWDQGDUG� ZDYHIRUPV� 7KH nUVW ZDYH
LV DQ LGHDO VTXDUH SXOVH ZLWK ]HUR ULVH DQG IDOO WLPHV DQG D ZLGWK RI ~�� LW LV QRW UHDFKHG LQ SUDFWLFH�
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5HIHUHQFHV

>�@ +� )� 7D\ORU� ?$Q RSWLFDO DQDORJ�WR�GLJLWDO FRQYHUWHU_'HVLJQ DQG DQDO\VLV�� ,((( -� 4XDQWXP (OHF�

WURQLFV� YRO� 4(���� QR� �� SS� ���^���� �����

>�@ ,� 'XOLQJ� ,,,� ?6XESLFRVHFRQG DOO�nEUH HUELXP ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ���^����

�����

>�@ ,� 'XOLQJ� ,,,� &��-� &KHQ� 3� :DL� DQG &� 0HQ\XN� ?2SHUDWLRQ RI D QRQOLQHDU ORRS PLUURU LQ D ODVHU

FDYLW\�� ,((( -� 4XDQWXP (OHFWURQLFV� YRO� ��� QR� �� SS� ���^���� �����

>�@ ,�1� 'XOLQJ� ,,, DQG 5� (VPDQ� ?6LQJOH�SRODULVDWLRQ nEUH DPSOLnHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� ���

SS� ����^����� �����

>�@ 7� &DUUXWKHUV� ,�1� 'XOLQJ ,,,� DQG 0� 'HQQLV� ?$FWLYH�SDVVLYH PRGHORFNLQJ LQ D VLQJOH�SRODULVDWLRQ

HUELXP nEUH ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>�@ 7� )� &DUUXWKHUV DQG ,� 1� 'XOLQJ ,,,� ?���*+]� ����SV HUELXP nEHU ODVHU HPSOR\LQJ VROLWRQ SXOVH

VKRUWHQLQJ�� 2SWLFV /HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>�@ '� )RXUVD� 3� (PSOLW� 5� /HQHUV� DQG /� 0HXOPDQ� ?�� *+] IURP D }�FDYLW\ (U�nEUH ODVHU ZLWK GLVSHUVLRQ

PDQDJHPHQW DQG UDWLRQDO KDUPRQLF PRGH�ORFNLQJ�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ���^���� �����

>�@ ,� 1� 'XOLQJ� ,,,� ?0RGH ORFNHG nJXUH HLJKW ODVHUV�� LQ /(26 
�� &RQIHUHQFH SURFHHGLQJV� �1HZ <RUN��

SS� ���^���� ,(((� �����

>�@ .� 7DPXUD� (� ,SSHQ� +� +DXV� DQG /� 1HOVRQ� ?���IV SXOVH JHQHUDWLRQ IURP D VWUHWFKHG�SXOVH PRGH�

ORFNHG DOO�nEHU ULQJ ODVHU�� 2SWLFV /HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>��@ +� +DXV� (� ,SSHQ� DQG .� 7DPXUD� ?$GGLWLYH�SXOVH PRGHORFNLQJ LQ nEHU ODVHUV�� ,((( -� 4XDQWXP

(OHFWURQLFV� YRO� ��� QR� �� SS� ���^���� �����

>��@ +� +DXV� .� 7DPXUD� /� 1HOVRQ� DQG (� ,SSHQ� ?6WUHWFKHG�SXOVH DGGLWLYH SXOVH PRGH�ORFNLQJ LQ nEHU

ULQJ ODVHUV� WKHRU\ DQG H[SHULPHQW�� ,((( -� 4XDQWXP (OHFWURQLFV� YRO� ��� QR� �� SS� ���^���� �����

>��@ )� .�DUWQHU� '� .RSI� DQG 8� .HOOHU� ?6ROLWDU\�SXOVH VWDELOL]DWLRQ DQG VKRUWHQLQJ LQ DFWLYHO\ PRGH�ORFNHG

ODVHUV�� -� 2SWLFDO 6RF� RI $PHULFD %� YRO� ��� QR� �� SS� ���^���� �����

>��@ '� .XL]HQJD DQG $� 6LHJPDQ� ?)0 DQG $0 PRGH ORFNLQJ RI WKH KRPRJHQHRXV ODVHU_3DUW ,� 7KHRU\��

,((( -� 4XDQWXP (OHFWURQLFV� YRO� 4(��� SS� ���^���� �����

>��@ '� :DONHU� '� &UXVW� :� 6OHDW� DQG :� 6LEEHW� ?5HGXFWLRQ RI SKDVH QRLVH LQ SDVVLYHO\ PRGH�ORFNHG

ODVHV�� ,((( -� 4XDQWXP (OHFWURQLFV� YRO� ��� QR� �� SS� ���^���� �����

>��@ '� YRQ GHU /LQGH� ?&KDUDFWHUL]DWLRQ RI WKH QRLVH LQ FRQWLQXRXVO\ RSHUDWLQJ PRGH�ORFNHG ODVHUV�� $SSOLHG

3K\VLFV %� YRO� ��� SS� ���^���� �����

>��@ 0� -� 5RGZHOO� '� 0� %ORRP� DQG .� -� :HLQJDUWHQ� ?6XESLFRVHFRQG ODVHU WLPLQJ VWDELOL]DWLRQ�� ,(((

-� 4XDQWXP (OHFWURQLFV� YRO� ��� QR� �� SS� ���^���� �����

>��@ 8� .HOOHU� .� '� /L� 0� 5RGZHOO� DQG '� 0� %ORRP� ?1RLVH FKDUDFWHUL]DWLRQ RI IHPWRVHFRQG nEHU 5DPDQ

VROLWRQ ODVHUV�� ,((( -� 4XDQWXP (OHFWURQLFV� YRO� ��� QR� �� SS� ���^���� �����

>��@ 0� 5RGZHOO� .� :HLQJDUWHQ� '� %ORRP� 7� %DHU� DQG %� .ROQHU� ?5HGXFWLRQ RI WLPLQJ oXFWXDWLRQV LQ D

PRGH�ORFNHG 1G�<$* ODVHU E\ HOHFWURQLF IHHGEDFN�� 2SWLFV /HWWHUV� YRO� ��� QR� ��� SS� ���^���� �����

>��@ .� 6� *LERQH\� 6� 7� $OOHQ� 0� -� 5RGZHOO� DQG -� (� %RZHUV� ?3LFRVHFRQG PHDVXUHPHQWV E\ IUHH�UXQQLQJ

HOHFWUR�RSWLF VDPSOLQJ�� ,((( 3KRWRQLFV 7HFKQRORJ\ /HWWHUV� YRO� �� QR� ��� SS� ����^����� �����

>��@ 0� )HUPDQQ� 0� +RIHU� )� +DEHUO� DQG 6� &UDLJ�5\DQ� ?)HPWRVHFRQG nEUH ODVHU�� (OHFWURQLFV /HWWHUV�

YRO� ��� QR� ��� SS� ����^����� �����
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>��@ .� 6PLWK� -� $UPLWDJH� 5� :\DWW� 1� 'RUDQ� DQG 6� .HOO\� ?(UELXP nEUH VROLWRQ ODVHU�� (OHFWURQLFV

/HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>��@ 5� 'DYH\� 1� /DQJIRUG� DQG $� )HXUJXVRQ� ?6XESLFRVHFRQG SXOVH JHQHUDWLRQ IURP HUELXP GRSHG nEUH

ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ���^���� �����

>��@ )� +DEHUO� 0� 2EHU� 0� +RIHU� 0� )HUPDQQ� (� :LQWQHU� DQG $� 6FKPLGW� ?/RZ�QRLVH RSHUDWLRQ PRGHV RI

D SDVVLYHO\ PRGH�ORFNHG nEHU ODVHU�� ,((( 3KRWRQLFV 7HFKQRORJ\ /HWWHUV� YRO� �� QR� ��� SS� ����^�����

�����

>��@ '� 5LFKDUGVRQ� 5� /DPLQJ� '� 3D\QH� 9� 0DWVDV� DQG 0� 3KLOOLSV� ?6HOIVWDUWLQJ� SDVVLYHO\ PRGHORFNHG

HUELXP nEUH ULQJ ODVHU EDVHG RQ WKH DPSOLI\LQJ 6DJQDF VZLWFK�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� ��

SS� ���^���� �����

>��@ '� 5LFKDUGVRQ� 5� /DPLQJ� '� 3D\QH� 0� 3KLOOLSV� DQG 9� 0DWVDV� ?��� IV VROLWRQ JHQHUDWLRQ ZLWK

SDVVLYHO\ PRGH�ORFNHG HUELXP nEUH ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ���^���� �����

>��@ 0� 'HQQLV DQG ,� 'XOLQJ ,,,� ?+LJK UHSHWLWLRQ UDWH nJXUH HLJKW ODVHU ZLWK H[WUDFDYLW\ IHHGEDFN�� (OHF�

WURQLFV /HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>��@ )� )RQWDQD� *� *UDVVR� 1� 0DQIUHGLQL� 0� 5RPDJQROL� DQG %� 'DLQR� ?*HQHUDWLRQ RI VHTXHQFHV RI

XOWUDVKRUW SXOVHV LQ HUELXP GRSHG nEUH VLQJOH ULQJ ODVHUV�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ����^

����� �����

>��@ ;� 6KDQ� '� &OHODQG� DQG $� (OOLV� ?6WDELOLVLQJ (U nEUH VROLWRQ ODVHU ZLWK SXOVH SKDVH ORFNLQJ�� (OHF�

WURQLFV /HWWHUV� YRO� ��� QR� �� SS� ���^���� �����

>��@ .� 7DPXUD� +� +DXV� DQG (� ,SSHQ� ?6HOI�VWDUWLQJ DGGLWLYH SXOVH PRGH�ORFNHG HUELXP nEUH ULQJ ODVHU��

(OHFWURQLFV /HWWHUV� YRO� ��� SS� ����^����� �����

>��@ 6� $UDKLUD� <� 0DWVXL� 7� .XQLL� 6� 2VKLED� DQG <� 2JDZD� ?2SWLFDO VKRUW SXOVH JHQHUDWLRQ DW KLJK

UHSHWLWLRQ UDWH RYHU �� *+] IURP D PRQROLWKLF SDVVLYHO\ PRGHORFNHG '%5 ODVHU GLRGH�� (OHFWURQLFV

/HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>��@ 5� 'DYH\� 1� /DQJIRUG� DQG $� )HXUJXVRQ� ?5ROH RI SRODULVDWLRQ URWDWLRQ LQ WKH PRGHORFNLQJ RI DQ (U

nEUH ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ���^���� �����

>��@ (� 'H6RX]D� &� 6RFFROLFK� :� 3OHLEHO� 5� 6WROHQ� -� 6LPSVRQ� DQG '� 'L*LRYDQQL� ?6DWXUDEOH DEVRUEHU

PRGHORFNHG SRODUL]DWLRQ PDLQWDLQLQJ HUELXP�GRSHG nEUH ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� ��

SS� ���^���� �����

>��@ )� )RQWDQD� *� %RUGRJQD� 3� )UDQFR� 0� 0LGULR� DQG 0� 5RPDJQROL� ?&RQGLWLRQV IRU VROLWRQ JHQHUDWLRQ

LQ KDUPRQLFDOO\ PRGHORFNHG HUELXP�GRSHG nEUH ODVHUV�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� ��� SS� ����^

����� �����

>��@ 0� 1DND]DZD� (� <RVKLGD� DQG <� .LPXUD� ?*HQHUDWLRQ RI �� IV RSWLFDO SXOVHV GLUHFWO\ IURP DQ HUELXP�

GRSHG nEUH ULQJ ODVHU DW ���� xP�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ��^��� �����

>��@ '� 1RVNH� $� %RVNRYLF� 0� *X\� DQG -� 7D\ORU� ?6\QFKURQRXVO\ SXPSHG� SLFRVHFRQG� \WWHUELXP�HUELXP

nEUH ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>��@ +� 7DNDUD� 6� .DZDQLVKL� DQG 0� 6DUXZDWDUL� ?�� *+] WUDQVIRUP�OLPLWHG RSWLFDO SXOVH JHQHUDWLRQ DQG

ELW�HUURU�IUHH RSHUDWLRQ XVLQJ D WXQDEOH� DFWLYHO\ PRGHORFNHG (U�GRSHG nEUH ULQJ ODVHU�� (OHFWURQLFV

/HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>��@ .� :LOOLDPV� '� %XUQV� ,� :KLWH� :� 6LEEHWW� DQG 0� )LFH� ?3LFRVHFRQG SXOVH JHQHUDWLRQ ZLWK XOWUDORZ

MLWWHU LQ ����xP PXOWLFRQWDFW 04: ODVHUV XVLQJ 4�VZLWFKLQJ�� ,((( 3KRWRQLFV 7HFKQRORJ\ /HWWHUV�

YRO� �� QR� �� SS� ���^���� �����

>��@ $� 'HU\DJLQ� '� .XVHQNRY� 9� .XFKLQVNLL� (� 3RUWQRL� DQG ,� .KUXVKHY� ?*HQHUDWLRQ RI ��� *+] WUDLQ RI

VXESLFRVHFRQG SXOVHV LQ ����� xP VSHFWUDO UHJLRQ E\ SDVVLYHO\ PRGHORFNHG ,Q*D$V3�,Q3 ODVHU GLRGH��

(OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ���^���� �����

>��@ )� )RQWDQD� /� %RVVDOLQL� 3� )UDQFR� 0� 0LGULR� 0� 5RPDJQROL� DQG 6� :DEQLW]� ?6HOI�VWDUWLQJ VOLGLQJ�

IUHTXHQF\ nEUH VROLWRQ ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� �� SS� ���^���� �����
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DOO�RSWLFDOO\ PRGHORFNHG� HUELXP nEUH ULQJ ODVHU ZLWK DFWLYH QRQOLQHDU SRODULVDWLRQ URWDWLRQ�� (OHFWURQLFV

/HWWHUV� YRO� ��� QR� ��� SS� ����^����� �����

>��@ 0� 1DND]DZD� (� <RVKLGD� DQG <� .LPXUD� ?8OWUDVWDEOH KDUPRQLFDOO\ DQG UHJHQUDWLYHO\ PRGHORFNHG

SRODULVDWLRQ�PDLQWDLQLJ HUELXP nEUH ULQJ ODVHU�� (OHFWURQLFV /HWWHUV� YRO� ��� QR� ��� SS� ����^�����
�����

>��@ 0� 1DND]DZD� (� <RVKLGD� +� .XERWD� DQG <� .LPXUD� ?*HQHUDWLRQ RI ��� IV� �� *+] WUDQVIRUP�
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�����
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